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Question 1
Worked solution

To perform integration by parts we must identify which terms we will assign « and V'
respectively.

Let  u=log,(2x) Let _ x%
Then ,_1 23
X Then Vv= 3 X
Therefore

“x 2 3 T2l
L xlog, (2x)dx = 3" log, (2x) _EL x2 dx

1

=16loge(2)—§loge(2)—g(8—l)
46 28

~ 00 (2)-22
3 08(2)=7

Mark allocation: 3 marks
o 1 mark for evidence of performing integration by parts (i.e. correctly selecting u and v)

1

12 2 24 5 :
1 mark for deriving Exz log, (2x) —EJ‘I x2 dx (or equivalent)
1

28

« 1 mark for the correct answer: 43—610g8(2)— 5

° If you get stuck when performing integration by parts, look for a term that you
know how to differentiate and consider setting that term equal to u.
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Question 2a.

Worked solution

5 5
(1+\/§i)5 +(1—\/§i)5 = (2Cis (%D +(2cis(—%))
= ZSCiS(S—ﬂj+2SCiS (—Slj
3 3
=32cos [5—7[)+325in (5—7[)1432 cos(—s—”j+32sin(—5—ﬂji
3 3 3 3
=2x32 cos(s?ﬂj

=64><l
2

=32
Mark allocation: 2 marks

e 1 mark for converting both 1+ J3i and 1—+/3i into polar form

e 1 mark for the correct answer: 32

Copyright © Insight Publications 2024



Page 4 of 15 Worked Solutions VCE Specialist Maths 1 Trial Exam

Question 2b.

Worked solution

2k cis (k—ﬂj +2Fcis (—k—ﬂ] =128
3 3

2 cos| K7 )+ 2% sin[ K7 )i +2* cos| K7 |4 2% sin[ — K7 i =128
3 3 3 3

2% cos kz +2%sin kz i+2%cos kz —2Fsin kz i=128
3 3 3 3

251 cos (k—ﬂj =128=2’
3
Case 1: Case 2:
( kr j ( kﬂ] 1
cos| — |=1 cos| — |=—
3 3 2
Therefore Therefore
k_ﬁzzﬂ 2k+1xl:27
k = 6 2k — 27
k=7
Alternatively,
if cos (k—ﬂ =1
3
2k+1 — 27

k=6

Mark allocation: 2 marks
e 1markfork=6
e 1 markfork=7
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Question 3
Worked solution

As the information provided is in parametric form, the parametric form of arc length must
be used.

L) (2]

Substituting the expressions for % and % into the equation, and integrating

fromt=0to¢ :%, gives

\/(—2 sin(7)—2sin (2t))2 - (2 cos(7)—2cos (2t))2dt

O o |y

\/4 sin® (¢)+8sin()sin(2¢)+4sin® (2¢)+4cos® (1) —8cos (1) cos(2¢) +4cos® (2¢)dt

I
O |y

We have 4sin’ (1) +4cos’ (1) =4 and 4sin’ (2¢)+4cos’ (2t) = 4 by Pythagoras’s theorem.

\/8 sin (¢)sin(2¢)—8cos(t)cos(2¢)+8 dt

ce—u|y

8sin (¢)sin(2¢)—8cos(¢)cos(2t) = —8(cos(t)cos(2t) —sin(t)sin(2t)) =—8cos(3r) using
compound angle formulas.

/8 —8cos(3t)dt

8—8cos(3t) can be simplified into 16sin’ (%j using the double angle formula

=

ce—u|y

cos(26)=1-2sin’(0).
cos(3r) =1-2sin’ (%)

Therefore

(8 —8cos(3¢)dt

O o |y

o'—.u\?q o'—.u\.\q

Il
1

I n
Wl @

g 5

w2

TR
SRIN
N ~
1
e wIlN

W | oo
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Mark allocation: 3 marks

» 1 mark for constructing the expression for arc length:

i\/(—2 sin (1) — 2sin(2z‘))2 +(2cos(t)-2 cos(2t))2dt

o 1 mark for applying Pythagoras’s theorem and the compound angle formula to simplify the
3
expression for arc length to I, I8 —8cos (3¢)dt
0

+ 1 mark for the correct answer: g

. Refer to the formula sheet when working with double angle or compound angle
formulas. While you may not remember them, you may be expected to use them
within a question.

e When calculating the arc length of a curve, aim to make the expression inside the
square root a perfect square, either by factorising or using trigonometric
identities.

Copyright © Insight Publications 2024



VCE Specialist Maths 1 Trial Exam Worked Solutions Page 7 of 15

Question 4
Worked solution

To find the gradient of the curve we need to perform implicit differentiation. Implicitly
differentiating the relation xcot(y)—2y* = 8 with respect to x gives

dy

cot(y)—xcosec’ (y)——-4y—=0.
() () =4
r’ V4 d
From here we can substitute the point {?+8,2J into the equation and solve for d_y
X
2 d d
- 248 ](2)Z-xZ =0
8 dx dx
dy _ 4
dx 7' +4r+64
Mark allocation: 3 marks
« 1 mark for applying the product rule to xcot( )
o - . 2 dy dy
« 1 mark for performing implicit differentiation and obtaining cot( y)—x cosec (y)d——4yd— =0
X X
4
1 mark for the correct answer: ———
77+ 47+ 64

. When finding the gradient at a point, you may not be required to find an

expression for ? If the question does not require an expression for ? then
X X

d
consider substituting the given point into the equation and then making d_y the
X

subject.
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Question 5

Worked solution
Let P(n) be the statement (cos(6)—sin(6)i)" =cos(n6)—sin(nd)iforallne Z".
Base case
P(1):(cos(8)—sin(8)i) =cos(16)—sin(16)i = cos(8)—sin(8)i. Therefore P(1) is true.
Assume P (k) is true for some ke Z".
P(k):(cos(6)~sin(6)i)" =cos(k6)—sin(k6)i
Show that P(k)= P(k+1)
P(k+1):(cos(6) s1n(9)z) =(cos(0) sin(@)i)k x(cos (@) —sin(6)i)
= (cos (k@) —sin (k6)i)x(cos(6)—sin(6)i), since we assume P(k) is true.
= cos(6)cos (k6)—sin(6)sin (k) (sin(8)cos (k) +cos(6)sin (k6))i
=cos((k+1)0)—sin((k+1)6)i
Therefore P(k +1) is true.
Since P(1)is true and P(k)= P(k+1), P(n) is true by mathematical induction.

Mark allocation: 4 marks

o 1 mark for showing that the base case is true
« 1 mark for stating the assumption that P(k): (cos(@) —sin(é?)i)k =cos (k@) —sin(kB)iis true

o 1 mark for applying the inductive step:
(cos(@)—sin(@)z‘)k+1 = (cos(@)—sin(@)i)k x(cos(@)—sin(@)i)

e 1 mark for applying compound angle formulas to show that P(k + 1) is true
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Question 6a.
Worked solution

For two planes to be perpendicular, the scalar (dot) product of the two normal vectors must
be zero.

(i+2§-K)-(i+j+pk)=0
1+2-p=0

p=3

Mark allocation: 1 mark

e 1 mark for equating the dot product of the two normal vectors equal to zero and solving for p

Question 6b.
Worked solution

We can find the cross product of the normal vectors of [ [, and [, to obtain a vector that is
perpendicular to both normal vectors [ ], and [1,.

Therefore the Cartesian equation of the plane is given by 7x-4y -z =¢q, where g is a
constant.

Substitute the point (1,2,1) into the equation to determine the value of g.

qg=-2

Therefore the Cartesian equation of the plane is given by 7x -4y -z =-2.

Mark allocation: 2 marks

1 mark for determining the cross product of the normal vectors of [ [, and [1,:
n="7i-4j-k

1 mark for the correct answer: 7x—-4y -z =-2
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Question 6c¢.
Worked solution
To find the distance from 4 to B we must first find the coordinates of 4 and B.

The equation of line L can be expressed in parametric form to determine the coordinates
of any point along the line.

(x,y,z):(1+t,l+3t,l—6t)
To find point 4, the point (x, y,z) =(1+¢,1+3¢,1-6¢) can be substituted into the Cartesian
equation of [ [, and then solve for z.
(1+2)+2(1+3¢)—(1-6t) =15
2+13t=15
r=1
Therefore, the coordinates of 4 are (2,4,-5).

To find point B, the point (x, y,z) =(1+17,1+31,1-6¢) can be substituted into the Cartesian
equation of [, and the equation solved for z.

(1+2)+(1+3)+3(1—-61)=5
5-14t=5
t=0
Therefore the coordinates of B are (1,1,1).
The vector 4B is given by —i—3j+6k.
Therefore ‘Zf?‘ =/46.

Mark allocation: 3 marks
e 1 mark for determining the coordinates of A4

e 1 mark for determining the coordinates of B

o 1 mark for the correct answer: /46

Question 7a.
Worked solution
The volume of one block of ice is given by V' =3x3x H =9H.

Since the height of each block of ice is independent, the total volume of ice is given by
T'=9H,+9H,+...+9H,.

E(T)=9E(H,)+9E(H,)+...+9E(H,)
=108 cm?
Mark allocation: 1 mark

¢ 1 mark for the correct answer: 108 cm?
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Question 7b.

Worked solution

To determine the standard deviation we first must calculate the variance.

Var(T) =9’ Var(H,)+9*Var(H,)+...+9*Var(H,)
_ 81
3

o :¥0m3

Mark allocation:2 marks

1
e 1 mark for calculating the variance: %

e 1 mark for the correct answer: %cm3

° Ensure that you understand that the difference between a sum of independent
random variables and a scalar multiple of a random variable. While it may be
seen that E (X, + X, )= E(2X), where X, and X share the same distribution,

the variance does not behave in the same way. Thatis, V (X, + X, ) #V (2X).

Question 7c.

Worked solution

The surface area of one cube of ice is made up of a 3 cm x 3 cm square top and base, and

four sides of 3 cm X 4 cm.
Therefore,

A=18+12H
E(4)=18+12E(H) =42 cm’
Mark allocation: 1 mark

« 1 mark for the correct answer: 42 cm?

° Drawing a diagram to represent the information provided in a question may help

you understand what is required.

Copyright © Insight Publications 2024



Page 12 of 15 Worked Solutions VCE Specialist Maths 1 Trial Exam

Question 8a.

Worked solution

To find the speed we first must determine the velocity vector.

v(t) = -2sin(t)i+4cos(t) ]+ 2k

The speed of the particle is given by the magnitude of the velocity vector.
[v(1)| = \f4sin’ (1) + 16 cos® (1) +4

The expression for the speed can be simplified using Pythagoras’s theorem, as
4sin’ (z‘) +4cos’ (z‘) =4,

y(t)| =/8+12cos? (7).

The maximum and minimum speeds will occur when cos(¢)=1and cos(¢) = 0 respectively.

Therefore,

Therefore the maximum speed is 24/5 m/s and the minimum speed is 2+/2 m/s.

Mark allocation: 2 marks

« 1 mark for obtaining the expression for the speed: |y(t)| =/8+12cos’ (¢)

o 1 mark for the correct answer: 2\/§ is the maximum speed and 2+/2 is the minimum speed

e Questions relating to position vectors and speed often incorporate trigonometric
functions, which can be solved using double angle and/or compound angle
formulas.

Question 8b.

Worked solution

a(t) =—2cos(t)1—4sin(t) J
v-a=—12sin(t)cos(t) =0
sin(2t) =0

Solving for z over the interval r [0,27] gives 5 solutions: 7 = 0,%,7;,377[,%.

Therefore there are 5 times when the velocity is perpendicular to the acceleration.
Mark allocation: 2 marks
1 mark for obtaining v-a = —12sin(¢) cos(t) = 0

o 1 mark for the correct answer: 5

Copyright © Insight Publications 2024



VCE Specialist Maths 1 Trial Exam Worked Solutions Page 13 of 15

Question 9a.

Worked solution

The volume of the tank at any given time, z, can be expressed as 200+ 2¢ -4t =200 - 2¢.
From the description given in the equation:

Inflow of salt=0x2=0

Outflow of salt=dx—> = 2x
200-2¢t 100—¢
dx . 2x
Therefore — = inflow — outflow = 0—
100 —¢
de  2x
dt 100—¢
Mark allocation: 1 mark
. , . dx 2x
e 1 mark for setting up the inflow and outflow rates and showing that 7 =— 100
t —t

° Representing the information provided by drawing a diagram can help in
understanding what is needed.

Question 9b.
Worked solution

1 1
2x 1007

dr=|-

%logg x| +c=log, |100 - t|

Substituting the point # = 0 and x =16 into the equation gives ¢ =log, (25).

Therefore

100 —¢
25

1
—log |x|=1o
5 log, |=log,

(100—1)2
x:
25

Mark allocation: 2 marks

1
« 1 mark for separating the variables and anti-differentiating to obtain Eloge |x|+ ¢ =1log, [100—1],

or equivalent

100—zj2

e 1 mark for the correct answer: x :( >3
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Question 9c.
Worked solution
The amount of salt in the tank after 25 minutes is x(25) =9 kg.

Since no salt has flowed into the tank, it follows that 16 — 9 =7 kg of salt has flowed out.

2 = 0 kg/L
The concentration of salt remaining in the tank after 25 minutes is 200-2x25 1350 .
=—Jkg/L
50 °

Mark allocation: 2 marks

e 1 mark for deriving the amount of salt: 7 kg

e 1 mark for the correct answer for the concentration of salt: % kg/L

Question 10

Worked solution

| Ay 5

i 4 |

g 1)

| 0,— |
e e O o IO
y=1 | —t : X

t o F(FL0)| (107 ®
x=-2 ; . ; x=2
: 4

Since the degree of the denominator is equal to the degree of the numerator, long division
of polynomials can be used.

2
X 1=1+ 3

x’—4 x’ -4

It can be seen that there are vertical asymptotes at x=2 and x =-2.

Therefore y =

Considering the long-term behaviour as x — oo, it can be seen that there is a horizontal
asymptote at y=1.

x =1

To find the x-intercepts consider =0, which results in x = £1.

x4
To find the y-intercept evaluate the function at x =0, which results in y = %

2
The graph of y = xz L 1+ 23 can also be viewed as the reciprocal graph y = —
x -4 x =4 x -4

that has been translated in the positive y-direction by 1 unit.
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Mark allocation: 4 marks

e 1 mark for the two vertical asymptotes correctly drawn and labelled

e 1 mark for the horizontal asymptote correctly drawn and labelled

e 1 mark for the three intercepts correctly labelled

e 1 mark for drawing the correct shape of the graph (i.e. converges on the asymptotes).

Note: The graph shouldn’t cross or veer away from asymptotes.

. Vertical asymptotes, if they exist, can be obtained by setting the denominator of a
rational function equal to zero.

. To obtain any horizontal or oblique asymptotes, consider resolving the rational
function into partial fractions. If partial fractions cannot be used, consider using
long division to resolve the rational function and to identify the horizontal or
oblique asymptote.

. Consider the long-term behaviour of the graph, by considering x — *oo, to identify
any horizontal or oblique asymptotes.

VCE is a registered trademark of the VCAA. The VCAA does not endorse or make any warranties regarding this study
resource. Current VCE Study Designs, Exam Specifications and past VCE exams can be accessed directly at
www.vcaa.vic.edu.au .
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