2020 SPECMATH EXAM 2 2

SECTION A — Multiple-choice questions
Instructions for Section A ' 4 ¢

Answer all questions in pencil on the answer sheet provided for multi e questions. “

Choose the response that is correct for the question.
A correct answer scores 1; an incorrect answer score
Marks will not be deducted for incorrect answers.
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A function f has the rule f(x)= |bcos—1 (x)- a|, wherea>0,b>0anda< b—;—
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Question 3 @

A train is travelling from Station A to Station B. The train starts from rest at Station A and (rayels'wi
constant acceleration for 30 seconds until it reaches a velocity of 10 ms™. It then travel§atdliis¥olooi

200 seconds. The train then slows down, with constant acceleration, and stops@t Station B haying trav
for 260 seconds in total. Let v ms™! be the velocity of the train at time ¢ ] ,
The velocity v as a function of 7 is given by

;
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Question 4 @
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over its implied domain and g(x) = cosec? x for 0 < x < S 3

The rule for f(g(x)) and the range, respectively, are given by R
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Question 5 @

Given the complex number z = a + bi, where a € R\{0} and b € R, _{_jzz_z is equiy
Z2+Z

2 by
(D) =ﬁ|;%) e i ) w8 O(\

B. 4[Re(z)xIn()] _at (Z y 28 "a\’\

¢ 4([re2)f + )] )

B. 3,4,12

2,9,18
D. -3,-4,12 # 4 L%l-rﬁ%—rl%
E. 2,-9,~18 /]\ ,r /,\
£

Question 7 @ g e
1

For non-zero real constants a and b, where b < 0, the expression

A. -2,9,-18 Q&rwd((g + ) (=2 (242 '7)

5 in partial fraction form with
ax(x? +b)
linear denominators, where 4, B and C are real constants, is
A A " B.: +C
ax  x*+b
A B C

B. =+ +
ax I'i'\)(g I—\XE

A B i

x e ] ax—
X X x+J|E:-_l x—JIH
B (o
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Question9 7 @

P(x,y)isa pomt on a curve. The x-intercept of a tangent to point P(x, y) is equal to the y- .
Which one of the following slope fields best represents this curve?
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Question 10

A tank initially contains 300 grams of salt that is dissolved in 50 L of water. A solution conta #n'j! 5 grams
of salt per litre of water is poured into the tank at a rate of 2 L per minute and the mixtur€ i the'tank is kept
well stirred. At the same time, 5 L of the mixture flows out of the tank per minut

A differential equation representing the mass, » grams, of salt in the t minutes,for a @n-@“

volume of mixture, is

A, .@:0 g !a\.\
dt Jo+ -'SJE C

B. @2_ Sm

H i
;:’t 50— 5¢ -
e Sog-n /

10

(1

. - CJWT anW fauh.rﬂ

With a suitable substitution J.: dx can be expressed as

% sec? (x) -3tan(x)+1 U= Fom(X)

(L) G
A, Ji (!t*] u—2 o X) M
~ Il 2.0 -
3 1} LAk U el
B —— |du

Ji 3(u-3) 3u
37

O
Jd \u-2 wu-1

Joo\w=-1 w-2

I.E(S(ul—l) B 3(3.;14- 2)]‘{"

4
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Question 12 @
If % =¢®(") and y, = e when x, = 0, then, using Euler’s formula with step size 0.1, y, i
A e+0.1(1+e0n)

Question 14

The magnitude of the component of the force F =i +6 j — 18k that acts in the direction d=2j ~3j ~ 6k is

92
A. 19
92
Ok
124
C. ":}','"

A
%~ 200"

SECTION A — continued
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FE-bir3f =32 > a=20+f

Question 15
Two forces, F, =41 - 2jand Fy =2i +5 j, act on a particle of mass 3 kg. The particle is initially-a

position i + j. All force components are measured in newtons and displacemgnts are measutedin-me
The cartesian tion of the path of the particle is % . (\
A. y=§ gﬂ@ M= 'Zbk*tjﬂ/'{' 4 M 186\\0
. i 053 g A e \V

. U A T - :lz_+-11'"j:—f &

rd

2, L =L J.

o Pl mR
-{t"—r\=g

Question 1
Leta=i+2j+2kandb=2] -4 j+ 4k, where the acute angle between these vectors is &.

The value of sin (26) is
1

A =
9

g 45
9

45

81

&%
81

25

Question 17

The velocity, v ms™, of a particle at time 7 2 0 seconds and at position x =1
The acceleration of the particle, in ms™2, when x =2 is Ul

SECTION A — continued
TURN OVER
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Question 18

A particle of mass m kilograms hangs from a string that is attached to a fixed point. The pafficle’is acted on
by a horizontal force of magnitude F newtons, The system is in equilibrium when the/strif z

a to the horizontal, as shown in the diagram below. The tension in the WM‘E e ohs.
\:\O(\

mg
T
'S
mg
c. L
F
b
mg
mg
F

Question 19
A cricket ball of mass 0.02 kg, moving with velocity 21 ~10 ms~!, is hit and after impact travels with
velocity 2i —7 jms™.

The magnitude of the change in momentum of the cricket ball, in kg ms™, is closest to

A, 0.04

B. 0.06
C. 0.10
é? 0.24
. 034

Question 20

END OFSECTION A
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SECTION B
Instructions for Section B s j

Answer all questions in the spaces provided. \
Unless otherwnse specified, an exact answer is reqmred toa questl O
t be sho \\

Unless otherwise indicated, the diagrams in this bo ok-are not drawn to scale.

where 1> 0. R
oLted
a.  Find the distance, in metres, of the particle from the origin when 7 = s CAS man)c . 2 marks

ap-edky

=

Msteme = |£(f§)“2! .

5 Bapessd D in terms of and, hence, find the equation of the tangent to the path of. e

particle at 7 = 7 seconds.

SECTION B — Question 1 — continued
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ii. Find the velocity, v, in ms™!, of the particle when 7 = 7. 2 marks
o (o) = buos L= 3 0L ,f
— B §

oYM = 4 tt_ql_fwﬁl_ I

2 marks
s, in seconds, when the particle first passes through the origin. 1 mark
Lls:'a.ﬁ X)) =0 and Y) =o :er o<t & 4ar "
- 2 I
-t- =i _EE%_:_J__ '2“7"""?"""" Bl e e S i b e st
_-........‘._"..___,_._ﬁ,:-\E —tl.‘ﬂ‘. = 'Uz.:[-s_] TR T P
d. Express the distance, d metres, travelled by the particle from 7=0to r=% as a definite
integral and find this distance correct to three decimal places. 2 marks
._-F__di _? ] o F‘E l'. 2 - e
f fewrfat = |, J&es O ity
0

AR Bolf metres o\ 0

SECTION B - continued
TURN OVER
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Question 2 (11 marks)
Two complex numbers, v and v, are defined as 4 = -2 — jand v=—4 - 3i.

a.  Express the relation |z — «| = |z — v| in the cartesian form y = mx + ¢, where m, ¢ € 3 marks
[2-(-2-10] = |2~ (4-3D)|
Sub n Z=x+ g«._ Jéﬁ 2) (A

2 marks

5

c. State a geometrical interpretation o
represent i and v.

1 mark

C 2,1 & (-4,-3)

SECTION B = Question 2 — continued
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Arﬂ (z+42+40) = ‘%

d. i. Skeich the ray given by Arg(z —u) =-§ on the Argand diagram in part b, f 1 mark
j Y

ii. Write down the function that describes the ray Arg(z —u) = E, ivi rule in
cartesian form. 4

Y ey
................ B s

. in‘the form:a"+ ib, where a, b € R, and find the radius r. 3 marks

lethhe eqn of cirde be fe—n)r§-K)"= e
- Swhstthte  (-2,-1), (-4,-3) , (0,-5)__

s htbh4k 2k 45 = Selwe Jhernn :Fzrr h k.
D94 h 4 8h+ kK +bk425=r* ke mre
- hrae) = k= ‘-ft,. k= L2 and r=5k

SECTION B - continued
TURN OVER
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Question 3 (10 marks)
Let £ (x) =x%e™,

a.  Find an expression for f’(x) and state the coordinates of the stationarygoi
/ -X
Flx) =(ox-x")e™*
/ -K
o Jlw=0,e"#0 -

1 mark
honzordof Mgw]mu ____________________ -
c.  Sketch the graph of y = f(x) on the axes provided below, labelling the local maximum
stationary point and all points of inflection with their coordinates, correct to two decimal
places. 3 marks
= TV
g ffx .
A
3

SECTION B — Question 3 — continued
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Let g(x) =x"e™, where n € Z.
d. Write down an expression for g"(x). f 1 mark
-X é
L ]

9" = XN (- 2nex 4 n-(n-D) e (\

e. i. Find the non-zero values of x for which g"(

2 marks
Value(s) of n (where n € Z)
0 ne Z Uiol
: "=
2 Nn= 2,4, 6/8;---#;<k->l Mk—'e Z)
3 N=2,5:7,9-.., 2+, (K>, ond K7 )

SECTION B — continued
TURN OVER
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Question 4 (14 marks)
A pilot is performing at an air show. The position of her aeroplane at time ¢ relative to a

Oisgivenby r ()= (450 ~150 sin[%rnj + (400 ~200cos [%Dg, where i i

3 marks
b. i (User, () @show that the cartesian equation of the path of the aeroplane is given by
- 2 - 2
(x—450)° (y—400)® . 2 marks

22500 40000

- 4 ‘

SECTION B — Question 4 — continued
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ii. Sketch the path of the aeroplane on the axes provided below. Label the position of the
aeroplane when 7 = 0, using coordinates, and use an arrow to show the direction o
motion of the aeroplane. 3 marks

y
A

800

B O T e . =,

400

st R

(e ér N T

BRE ¥, 5 RS
et el ] l b bt ; > X
200 400 600 800 1000 (1200, ©)1400

rD)

A friend of the pilot launches an experimental jet-powered drone to take photographs of the air
show. The position of the drone at time 7 relative to the fixed origin is given by

s =301+ (—12 + 40.?) j» where ¢ is in seconds and 0 <1 < 40, i is a unit vector in the same

horizontal direction, j is a unit vector vertically up, and displacement components are measured in
metres. -

c.  Sketch the path of the drone on the axes provided in part b.ii. Using coordinates, label the
points where the path of the drone crosses the path of the aeroplane, correct to the nearest
metre. 3 marks

Ry — %%~ 1200)

gw( ge-ter y) A

Hen  cofme wivh Jie eJLtJraua,

SECTION B - Question 4 — continued
TURN OVER
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0
Cotdide

d.  Determine whether the drone w@' make %ontact wiilythe aeroplane. Give reasons for your
answer. / 3 marks

_ﬁigm{ﬁ;d ' ‘ﬁso(\

t=12-8492401b.....o

SECTION B — continued
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Question 5 (13 marks)

Two objects, each of mass m kilograms, are connected by a light inextensible string that pz
a smooth pulley, as shown below. The object on the platform is initially at point A andpw
released, it moves towards point C. The distance from point A to point C is I
a rough surface and, when it moves along the platform, the object expefie
opposing the motion of magnitude F', newtons in the section AB and ahg
the motion of magnitude I, newtons when it moves in the section B A.,
" _

.........

a. Ont gram above, mark all forces that act on each object once the object on the platform

1 tl tem is i tion. | / 2 marl
has been released and the system is in motion DD i botia 5 S 7 marks
The force | is given by F,=kmg, k € R".

b. i Show that an expression for the acceleration, in ms~, of the object on the platform, in

, - 1-k
terms of £, as it moves from point A to point B is given by 5(——-—] 2 marks

Over AB:  Fuer = é.wm_)_a,.f_m}.:_]'-r.‘[—ﬁ

D 2mMa = ma — kmg
it

1 mark

SECTION B — Question 5 — continued
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AC = (0Om
A-g. = Gwm

e.  Find, in terms of &, the time taken, in seconds, for the object on the platform to reach

_U=0, ?;Em:g_’_ &"_—g-ﬂ"_f‘—i_ -

Point B is midway between points A and C,

2 marks

d. Express, in terms of k, the sp

point B, 2 marks

e Ll o
e
- /]

V=B 506 = [equp 4 (I 8D

he object on the platform is at point B, the string breaks. The velocity of the object at
point B is v = 2.5 ms~!. The force that opposes motion from point B to point C is
F,=0.075 mg + 0.4 mv?, where v is the velocity of the object when it is a distance of x metres
from point B. The object on the platform comes to rest before point C.

Find the object’s distance from point C when it comes to rest. Give your answer in metres,
correct to two decimal places. 4 marks

The neww eqp of wotion s F = mas = (6-07smat o4mv’)
X _po= — (20950 + 0 #V)

L, Yo BF | VET e SltrEEendll

0 d
PRI A

2.t

END OF QUESTION AND ANSWER BOOK



