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2019
SPECIALIST MATHEMATICS

Written examination 2

Reading time: 15 minutes
Writing time: 2 hours

STUDENT NAME:

QUESTION AND ANSWER BOOK

Structure of book

Section Number of Number of questions Number of
questions to be answered marks
A 20 20 20
B 6 6 60
Total 80

e Students are permitted to bring the following items into the examination: pens, pencils,
highlighters, erasers, sharpeners, rulers, a protractor, set squares, aids for curve sketching, one
bound reference, one approved technology (calculator or software) and, if desired, one scientific
calculator. Calculator memory DOES NOT need to be cleared. For approved computer-based
CAS, full functionality may be used.

e Students are NOT permitted to bring into the examination room: blank sheets of paper and/or
correction fluid/tape.

Materials provided

e Question and answer book of 27 pages

e Formula sheet

e Answer sheet for multiple-choice questions

Instructions

e  Write your name in the box provided above and on the multiple-choice answer sheet.
e Unless otherwise indicated, the diagrams in this book are not drawn to scale.

e You must answer the questions in English.

At the end of the examination
e You may keep the formula sheet.

Students are NOT permitted to bring mobile phones and/or any other unauthorised electronic
devices into the examination.

This trial examination produced by Insight Publications is NOT an official VCAA paper for the 2019 Year 12 Specialist
Mathematics written examination 2. The Publishers assume no legal liability for the opinions, ideas or statements contained
in this trial examination. This examination paper is licensed to be printed, photocopied or placed on the school intranet and
used only within the confines of the purchasing school for examining their students. No trial examination or part thereof may
be issued or passed on to any other party, including other schools, practising or non-practising teachers, tutors, parents,
websites or publishing agencies, without the written consent of Insight Publications.
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3 2019 SPECMATH EXAM 2

SECTION A — Multiple-choice questions

Instructions for Section A
Answer all questions in pencil on the answer sheet provided for multiple-choice questions.
Choose the response that is correct for the question.
A correct answer scores 1; an incorrect answer scores 0.
Marks will not be deducted for incorrect answers.
No marks will be given if more than one answer is completed for any question.
Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Take the acceleration due to gravity to have magnitude g ms 2, where g = 9.8.

Question 1

The implied domain and range of f(x)=—acos™(bx+x)+c, where a, b, c>0, is

A, [-b-z b-x]and [c, —ar+c]

B. — -, %—72’:| and [-ar +c, ]

and [—arx +c, ac]
D. [—b+7r,b+7z] and [c, ar +¢]

and [-ar +c¢, ]

SECTION A - continued
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Question 2

A rule for the function shown in the graph above could be
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Question 3

If cos(0)=0.8 and@e[%,%z}, then sin(gj is equal to

A2
10
g ¥
5
c. o
10
p. Y10
10
3
10
Question 4
xt+1
Consider the graph of y =— T
x —

Which one of the following statements is true?

A. The graph has a point of inflection.

B. The graph has an asymptote of y = x> —1.
C. The graph is concave down at x = 0.

D.  The graph has only two asymptotes.

E. The graph is concave up at x =0.
Question 5

2019 SPECMATH EXAM 2

Which one of the following, where 4, B, C and D are non-zero real numbers, is the partial

3x2 +8x+4

fraction form for the expression — ?
Bx+2)"(x"—4)

A. A + B

x—2 3x+2
B. A + B + ¢ >

x—2 3x+2 (Bx+2)

A B Cx+D

C. + +—

3x+2 3x+2 x -4
D. A + B

x—2 x+2
E. A B

x+2 3x+2
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Question 6

A quartic polynomial with all real coefficients has z =3ai and z=2a—2ai as two of its
solutions, where a is a non-zero real number.

The polynomial could be

A, z'—daz’ +17a°2" -36a’z+ 724"
B z° —(2a+ai)z+6a” +6a’i

C z* +(13a*)z* =364’

D. z'+(17a*-4a)z’ -36a’z+72a*
E 2> +(17a* —4a)z’ —-36a* +72a*

Question 7

Given that z € C, the equation that best represents the graph shown above is
A. Arg(z+i):—3—”
4
B. {z:|z—2+2i]=|z+1-i|}
C. {z:|z—2-i|=|z+1+2i]}

D.  {z:(z+2+3i)(Z+2-3i)=4}

E. A@@—D:%

Copyright © Insight Publications 2019 SECTION A — continued



Question 8
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The region bounded by the curve y =+/16x and the lines y =x and x =4 is rotated about the

x-axis to form a volume of the solid of revolution.

The volume of the solid is

A. 1207 cubic units

B. 4077[ cubic units

C. 48007 cubic units

D. % cubic units

E. w cubic units
15

Question 9

Using a suitable substitution, J. 3_sin?(2x)cos’(x) +sin’(2x)sin’ (x) dx can be written as
)

A.

J.éuzdu

2

1.8
EJ.IZ u’du
.[Euzdu

4
Ier
—|\su"du
2If

5
—2J.1 2 udu
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Question 10
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The differential equation that best represents the direction field above is

xX+y

xX+y
xX+y

dy 2x*-y

dy 2x-y
dx
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Question 11
2
7 Y 4 12y=0 are

The values of m for which y = e*™ satisfies the differential equation " "
X X

m=2, m=6
m=1,m=3
m=-1,m=-3

m=-2,m=-6

=2 0 F >

m=—-1,m=3

Question 12
Let a =—-4i+3k and b=21—-3j+ck, where c is a real constant.

If the scalar resolute of b in the direction of a is &, then the value of c 1s

A. 16
B. 2
3
C. 5
D. 8
E. 22

Question 13
The vectors a=41—-6j+2k, b= —%i+6j —12k and c=1i+ j+yk, where y is a real constant,

are linearly dependent if

A.  yeR
B. y=7
C. yeR\{-7}
D. y=-7
E. yeR\{7}

SECTION A — continued
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Question 14

The angle that the vector a = 2i — j+2k makes with the y-axis, correct to the nearest

degree, is

A, 109°
B 42°
C. 48°
D 61°
E 1°

Question 15

A block of mass 80 kg is being pulled along a rough surface by a light, inextensible rope at a
constant velocity. The rope makes an angle of 15° to the horizontal. The resistance force in
the opposite direction of motion due to the rough surface is 20g.

The magnitude of the normal reaction force, in newtons, exerted by the ground on the block is
closest to

A. 196
B. 784
C. 952
D. 731
E. 203

Question 16

A block of mass 4 kg, initially at rest, begins sliding down a ramp inclined at 30° to the

horizontal. The magnitude of the resistive force due to the surface is 0.4x> newtons,
where x is the distance, in metres, that the block has travelled down the ramp.

The speed of the block after it has slid 5 m down the ramp is closest to

A.  638ms’!
B 8.45 ms™!
C 6.88 ms™!
D. 1111 ms"'
E 9.46 ms!

Copyright © Insight Publications 2019 SECTION A — continued
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Question 17

A tennis ball of mass 250 grams begins moving with an initial velocity of 2i —3j ms™.

If the tennis ball is accelerating at —¢i +2j ms™, where ¢ >0 seconds, then the momentum,

in kg ms™!, of the tennis ball after two seconds is

A 0.25]
1.52
C. 29155
D.  —150i+250]
E. -15i+025j

Question 18

A Mathematics teacher wishes to estimate the average exam score for the state. The teacher
uses a sample size of 60 to create a 95% confidence interval for the population mean 4 .

If a confidence interval is (65.18, 71.32), then the sample mean x and sample standard
deviation s respectively, are closest to

A. 68.52and 12.1
B. 68.25and 93.98
C. 68.25and 12.15
D. 68.25and 14.5
E. 68.25and9.22

SECTION A — continued
Copyright © Insight Publications 2019 TURN OVER
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Use the following information to answer Questions 19 and 20.

The times taken to recharge two different brands of electric car, brand X and brand Y,
expressed in minutes, are both normally distributed. The mean recharge time and standard
deviation of brand X are 125 and 8, respectively, and the mean recharge time and standard
deviation of brand Y are 138 and 15 respectively. Assume that the recharge times for each
brand are independent of each other.

Question 19

) +
Given that mxn

=125, where m <n and Pr(m < X <n)=0.95 for a randomly selected

brand X electric car, the values of m and n, correct to one decimal place, are
A. 111.8 and 138.2
B. 114.7and 135.3
C. 109.3 and 140.7
D. 104.4 and 145.6
E 109.3 and 140.6

Question 20

The probability, correct to four decimal places, that a randomly chosen brand Y electric car
has a recharge time within 10 minutes of a randomly chosen brand X car is closest to

A. 0.0014

B. 0.6581
C. 09120
D. 0.3419
E. 0.0880

Copyright © Insight Publications 2019 END OF SECTION A
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SECTION B

Instructions for Section B
Answer all questions in the spaces provided.
Unless otherwise specified, an exact answer is required to a question.
In questions where more than one mark is available, appropriate working must be shown.

Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Take the acceleration due to gravity to have magnitude g ms 2, where g =9.8.

Question 1 (10 marks)

2x* =3x*=9x+10

Consider the function f: D — R, where f(x)= > 5
X —X—

a.  State the maximal domain D of f.

1 mark
b.  Find the equations of any asymptotes of the graph of f.
2 marks
c¢.  Find the coordinates of the point for which f”(x) =0 and verify that this is a point of
inflection. Give your answer correct to two decimal places.
2 marks

Copyright © Insight Publications 2019 SECTION B - Question 1 — continued
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d.  Sketch the graph of y = f(x) on the axes below, labelling any asymptotes with their
equations, and any intercepts and points of inflection with their coordinates.

3 marks

e.  Write down a definite integral that gives the length L of the curve f(x) over the interval
x €[0.5, 1.5] and then state the value of the length of the curve, correct to two

decimal places.
2 marks

SECTION B — continued
Copyright © Insight Publications 2019 TURN OVER
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Question 2 (11 marks)

a.  Find the cartesian equation of the relation given by |z +1+i|= 2 |z—1-i],

where ze C.
3 marks

b.  Sketch the graph of |z +1+i|= V2 | z—1—1i]| on the axes below.

2 marks

Im(z)
107

51

Copyright © Insight Publications 2019 SECTION B - Question 2 — continued
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c.  The solutions to the equation z* —(10+2i)z +24+2i =0, where z € C, lie on the
relation sketched in part b.

Solve the equation and plot the solutions on the axes provided in part b., labelling the
solutions as 4 and B, where 4 is the solution located in the first quadrant.
2 marks

d. Let z be the complex number located at the point A.

The complex number z, =z also lies on the relation | z+1+i|= J2 |z—1-1].
Find and plot z, on the axes provided in part b. and label it as C.
2 marks

e.  Consider the position vectors of the points 4, B and C relative to the origin. Let i be
the unit vector in the positive Re(z) direction and j the unit vector in the positive Im(z)

direction.

Show that the vectors AB and AC intersect ata right angle.
2 marks

SECTION B — continued
Copyright © Insight Publications 2019 TURN OVER
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Question 3 (10 marks)

Consider the function f:[0, a] > R, f(x) =2 arcsin(%j , where a is the largest value for

which fis defined.

a.  Sketch the graph of y = f(x) on the axes below, labelling any endpoints with their
coordinates.
2 marks

The curve is rotated about the y-axis to form a volume of revolution that is to model the shape
of a birdbath, where the length units are in centimetres.

b.  Show that the volume, V' cubic centimetres, of water in the birdbath when it is filled to a
depth of / centimetres is given by V' =8x[h —sin(h)].

2 marks

Copyright © Insight Publications 2019 SECTION B - Question 3 — continued
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The birdbath is initially empty. Water is poured into the birdbath at a rate of 16z° Jh
cm’s™!, where £ is the depth in centimetres at time ¢ seconds.

i.

il

Show that the expression for the rate at which the height of the water is changing

o dh  2xh
is given by —=—+———.
dt 1-cos(h)
2 marks
Find the rate, in centimetres per second correct to two decimal places, at which
the height of the water is changing at one quarter of the maximum depth.
1 mark

SECTION B - Question 3 — continued
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d.  Due to a hot summer, the water in the birdbath evaporates so that the depth of water in

the birdbath is % cm before being refilled.

i. Using Euler’s method, with a step size of % cm, find an estimate of the volume

of water in the birdbath when £ = By cm. Give your answer in cubic centimetres,

correct to two decimal places.
2 marks

ii.  Determine if the estimate in part d.i. is an overestimate or an underestimate for
. . T
the volume of water in the birdbath for a depth of B cm.

1 mark

Copyright © Insight Publications 2019 SECTION B - continued
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CONTINUES OVER PAGE
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Question 4 (12 marks)

A surveillance drone S, and a delivery drone D, are observed flying at the same altitude in the
airspace of a suburb. The position vectors of each drone # minutes after they are initially
observed moving relative to some origin O are given by

o () (r e (1)) e, 2.
gs(t)—(4 cos(2nl+[2 ZSIH(szJ and gD(t)—21+(4 3jg,t20.

All distances are measured in kilometres.
Both drones are initially observed at the same time.

a.  Sketch the path of each drone on the axes below, labelling each curve, indicating the
direction of movement and labelling any intercepts with their coordinates.
3 marks

Copyright © Insight Publications 2019 SECTION B - Question 4 — continued
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b. When 7 =+/6 minutes, find the angle between the direction of motion
of drone S and drone D. Give your answer in degrees correct to one decimal place.

2 marks
¢.  Show that the paths of drone S and drone D intersect but that the drones do not collide.

3 marks
d.  Determine the maximum speed of drone S, in kilometres per minute.

2 marks
e. Find the minimum distance between the two drones and state at what time, in minutes,

this occurs. Give your answers correct to one decimal place.
2 marks

SECTION B — continued
Copyright © Insight Publications 2019 TURN OVER
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Question 5 (9 marks)

A mass of 8 kg slides down a rough ramp that is inclined at 30° to the horizontal plane. The
mass is connected by a light, inextensible string that passes over a smooth pulley to a 2 kg
mass, which is suspended vertically.

Initially, the 8 kg mass is at the top of the ramp and is sliding down the ramp with a velocity
of V96 ms™ parallel to the ramp. The size of the resistance force between the ramp and the
8 kg mass is kv’ newtons, where v is the velocity of the 8 kg mass, in ms™!, and kis a
positive constant.

a.  On the diagram below, show all forces acting on the masses.

1 mark
8 kg
2 kg
ml 30°
b. i.  Write down the equations of motion for each mass parallel to their direction
of motion.
2 marks
ii.  Hence, show that the magnitude of the acceleration of the 8 kg mass is given by
2
M ms_z_
10
2 marks

Copyright © Insight Publications 2019 SECTION B - Question 5 — continued
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c.  The 8 kg mass reaches a constant velocity of 10 ms™".

Find the value of £.
1 mark
d. Using k£ =0.2, find the velocity of the 8 kg mass in terms of the distance x metres
travelled down the ramp. Express your answer in the form v =1/ag + be ¢ where a, b
and c are integers.
3 marks

SECTION B — continued
Copyright © Insight Publications 2019 TURN OVER



2019 SPECMATH EXAM 2 26

Question 6 (8 marks)

The height, X, of mature sunflowers in Eastern Victoria are normally distributed with a mean
of 270 cm and a standard deviation of 15 cm.

A fertiliser company claims it has the best fertiliser on the market and advertises their
fertiliser as being able to increase the height of mature sunflowers.

Farmer Geoff uses this fertiliser and decides to test this claim. He measures the heights of
50 mature sunflowers and finds the sample mean to be 274 cm.

Farmer Geoff then performs a statistical test.
Let X denote the mean height of a random sample of 50 mature sunflowers.

a.  State suitable hypotheses H, and H, for the statistical test.
1 mark

b.  Assume that the sample size is large enough that reasonable approximations for the
standard deviation of the population and shape of the distribution of the sample means
can be used.

Calculate the p value of the statistical test, correct to four decimal places, and state with
areason whether H|, should be rejected at the 5% level of significance.

2 marks

c.  Determine the largest sample size for which H, would net be rejected at the 5% level

of significance.
2 marks

Copyright © Insight Publications 2019 SECTION B - Question 6 — continued
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For the statistical test conducted by Farmer Geoff, describe the conclusion that would
be made about the fertiliser company’s claim if a type I error occurred.

1 mark
Given that Pr(.X >274.935| £ =270) = 0.01, calculate the probability of committing a
type II error at the 1% level of significance, if the true mean height of all mature
sunflowers in Eastern Victoria is 274 cm. Give your answer correct to four decimal
places.
2 marks

END OF QUESTION AND ANSWER BOOK
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