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Instructions

e Question and answer book of 28 pages.
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SECTION A — Multiple Choice Questions

Instructions for Section A
Answer all questions in pencil on the answer sheet provided for multiple-choice questions.
Choose the response that is correct for the question.
A correct answer scores 1, an incorrect answer scores 0.
Marks will not be deducted for incorrect answers.
No marks will be given if more than one answer is completed for any question.

Question 1
The range of the function y = tan™1(x + 1) —% is:

A (53
4" 4
B. (ﬂiﬂ)
4 4
c [3E
4° 4
-3 3_”]
4 ' 4
E. R

Question 2
Which pair of parametric equations is appropriate for a particle whose path is an ellipse,
moving in a clockwise direction around the origin?

x = 2cos(t) , y = 2sin(t)
x = 5cos(t) , y = 2sin(t)
x = 5sin(t) , y = —2cos(t)
x = 5sin(t) , y = 2cos(t)
x = sin(5t) , y = cos(2t)

moow>

SECTION A- continued
TURN OVER
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Question 3
2

Given that w = 1 — i, the principal argument of the complex number % is:

—31

m O O w »
SERERLNIN

Question 4
The circle defined by |z — 3i| = 2|z + 3| has a centre at the point:

A. (-3,3)
B. (3,-3)
C. (—=6,-3)
D. (4,1)

E. (—4,-1)

Question 5
Let f(z) = z° — az3® — 2z% + 2a. The maximum number of non-real roots for f(z) is:

A

mooOw
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SECTION A- continued
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Question 6
The function g has a gradient function with rule g'(x) = sin"! x.
Which of the following statements about g must be true?

A. There is a point of inflection at the origin.

There is a maximum gradient at the origin.

The function is never concave down.

The function is never concave up.

The function is strictly increasing for the maximal domain.

mooOw

Question 7

Each graph below shows a gradient function y = f'(x). If Euler’s method is used to estimate a
y value on the original function y = f(1.1) from y = (1), in which case will the estimate be
above the true value?
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SECTION A- continued
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Question 8
Using an appropriate substitution, the integral fol e?*/eX + 1 dx can be expressed as:

A fle uwu+1 du
: fle u*Vu+1 du
f2€+1 u\/a du

e+1
T w=1DVu du
T (w - DV du

m o O @

Question 9
A water container has the shape of the triangular prism shown below, where the cross-section is
an equilateral triangle.

The container is filled at a rate of % m?*/min. Find the rate at which the height of the water is
increasing, when the height of the water is 50cm (half a metre).

23
3
%gm/min
‘/Z—gm/min
gm/min

?m/min

m/min

m o o » >

SECTION A- continued
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Question 10
The graph of which of these functions will have at least one intersection point with the graph of
y = sec(x), for all values of k € R?

A. y = cosec(x + k)
B. y=cot(x + k)
C. y =cos(x + k)
D. y =cos™ (x + k)
E. y=tan (x + k)
Question 11

The slope field below could represent which first order differential equation?

d x?
A Z=Z
dx y
d —x2
B. _y — —
dx hY%
d x?
C. —y - -
dx y
a x
D' _y —_— —
dx  y?
a —-X
E. _y —_— —
dx y2

SECTION A- continued
TURN OVER
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Question 12
The vector resolute of 3i —2j parallelto i + k is:

1. 1.
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Question 13
A quadrilateral ABCD has (AB + BC) - (BC +CD) =0 but AB - AD # 0.
The quadrilateral could be:

A rhombus, but not a square.

A rectangle, but not a square.

A parallelogram, but not a rhombus.
A trapezium, but not a parallelogram.
A trapezium, but not a rectangle.

moow>

Question 14

Any three-dimensional vector can be expressed as a linear combination of the three vectors
a=1i—2j+k, b=3i+2j+k and c. The vector c could be:

4i + 2k

20 +4j

i+6j—k

—2i+j+k

m o o w >

5i+6j+k

SECTION A- continued
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Question 15
An object is initially 7m from the origin with a velocity of 1m/s. Its motion is then given by the

differential equation a = vx — 3. The velocity when the object is 12m from the origin is:

A. 7 m/s
3

B. % m/s

Question 16
The system below shows object with mass M; and M, kg resting on smooth inclined planes,
connected by a smooth pulley. In order for the system to be in equilibrium, the ratio of masses

M;: M, must be:

45° 30°

moow>»
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SECTION A- continued
TURN OVER
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Question 17
An object is under the influence of three forces, with magnitude 3, 4 and 5 newtons,
and whose directions are shown in the diagram below.

The particle will:

Accelerate in the direction of the 5N force

Accelerate in a direction between the 3N and 5N force
Accelerate in a direction between the 3N and 4N force
Accelerate in a direction between the 4N and 5N force
Remain in equilibrium

moow»

Question 18

A biologist wants to estimate the average lifespan of a certain beetle. She uses a sample of size 50
to create a 99% confidence interval for the population mean u days, which is (35.32,41.58).
The sample mean x and sample standard deviation s were closest to:

A. Xx =38.45,s=8.59
B. x =3845,s5s =1.22
C. x=3845,5s=11.29
D. x =3845,s5s =1.62
E. x =3845,5=60.76

SECTION A- continued
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Question 19

A two-tailed z-test is used to to test a null hypothesis H, that u = 120. Given that the sample size
is 25 and assuming that the population standard deviation is 15, which of these sample means
would be sufficient to reject H, at a 5% significance level, but not at a 1% significance level?

A

Question 20

mooOw

107
109
111
113
115

A 100g golf ball is struck so that its initial speed is U m/s. Let U be a normal random variable
with U~N (5, 0.52%). After it is struck, the ball moves along a flat golf green, subject only to a

constant resistance force of 0.1 newtons.

After 2 seconds, what is the probability the ball has travelled at least 10 metres?

A

© TSSM 2018

mooOw

0.421
0.245
0.056
0.023
0.0003

END OF SECTION A
TURN OVER

Page 11 of 28



2018 SPECMATH EXAM 2

THIS PAGE IS BLANK

© TSSM 2018 Page 12 of 28



2018 SPECMATH EXAM 2

SECTION B - Extended Response Questions

Instructions for Section B
Answer all questions in the spaces provided.
In all questions where a numerical answer is required, an exact value must be given unless
otherwise specified.
In questions where more than one mark is available, appropriate working must be shown.
Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Question 1 (10 marks)
2x-1

Th ions below refer to the function: =
e questions below refer to the functio f(x) 2 —2xt1

a. Find f'(x). Also find the co-ordinates of any stationary points.

2 marks

b. Find f"(x). Also find the co-ordinates of any points of inflection.

2 marks

SECTION B- Question 1- continued
TURN OVER
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c. Sketch f(x) on the axis below, labelling any axis intercepts, asymptotes, stationary points and
points of inflection.

y
y
4 -+
2 o
b % * =tk
—4 —2 2 4
=, 2 R
_4 —+
3 marks
d. Express f(x) in partial fraction form.
1 mark
e. Find the exact area bound by f(x), the x axis and the line with equation x = —2.
1 mark

SECTION B- continued

© TSSM 2018 Page 14 of 28



2018 SPECMATH EXAM 2

Question 2 (14 marks)
a. Write the solutions to z> = 32 in polar form.

2 marks

b. Plot the solutions to z° = 32 on the Argand plane below. Label the solutions z;, z,, z3, z, and
Zs in an anti-clockwise direction, starting from z; which is on the real axis.

| Bk,
> <

]

1 mark

SECTION B- Question 2- continued
TURN OVER
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c. Find the equation of the ray, with an endpoint at the origin, which passes through z,.

1 mark

d. Find the Cartesian equation of the line defined by |z — z,| = |z — z3].

2 marks

e. How many different straight lines satisfy |z — z,| = |z — z,|, where z,, z;, can be any two
distinct solutions to z> = 32?

1 mark

SECTION B- Question 2- continued
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f. Find the equation for the circle that passes through the origin, z, and z:.
Give your answer in the form |z —w| = r.

2 marks

g. Afunction f(z) = pz + q can be applied to each of the points z,, z,, z3, z, and zs, such
that f(z) for each point will lie on the circle described in part e. State the values of p and q.

2 marks

SECTION B- Question 2- continued
TURN OVER
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h. There is a cubic polynomial with real coefficients whose roots are z,, z,, and zz.
Write this cubic polynomial in the form ax® + bx? + cx + d.

2 marks

i. Is there is a cubic polynomial with real coefficients whose roots are z,, z;, and z,?
Justify your answer.

1 mark

SECTION B- continued
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Question 3 (11 marks)
Lightbulbs sold by Bright Idea Pty Ltd are advertised to have an average lifetime of 3000 hours.

A keen student decides to undertake a statistical test to see whether the lifetime is actually shorter
than the advertised claim.

a. Assuming the lightbulbs are normally distributed with ¢ = 3000 and ¢ = 250, find the
probability a single lightbulb would have a lifetime of 2920 hours or less. Round to four decimal
places.

1 mark

b. Write appropriate hypotheses H, and H; for the statistical test undertaken by the student.

1 mark

c. Inone test, the student takes a sample of 50 lightbulbs, and finds that this sample of 50 has a
mean of 2920 hours. Using o = 250, calculate the p value for this test, correct to four decimal
places. Hence state, with a reason, whether the student should accept or reject the advertised
claim, at a 1% significance level.

2 marks

SECTION B- Question 3- continued
TURN OVER
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d. What is the largest value of the sample size n, for which a sample mean of 2920 would result
in the student accepting the advertised claim, at the 1% significance level?

2 marks

e. Given that the student is testing the claim about the lightbulbs at the 1% significance level,
state the value(s) of p and the population mean y, which would result in a Type | error.
Also state the probability of making a Type | error in this statistical test.

2 marks

SECTION B- Question 3- continued

© TSSM 2018 Page 20 of 28



2018 SPECMATH EXAM 2

f. Imagine now that the true population mean is actually u, = 2900. Given that the student is
using a sample of size 50, and testing at the 1% significance level, find the probability she makes
a statistical error in this test. Round to four decimal places.

2 marks

g. Ifthe lifetimes for the Bright Idea Pty Ltd. lightbulbs were not normally distributed, would
the student still be able to carry out the statistical test described? Explain.

1 mark

SECTION B- continued
TURN OVER
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Question 4 (12 marks)
Eric has a YouTube channel on which he posts interesting and entertaining videos about

mathematics. Let P be the percentage of his subscribers who have seen a video, t days after it is
posted.

For one of his best videos, Eric noticed that P can be modelled by the differential equation

dP 100 —P
dt 10

, for t =0

a. Use integration to show that the general solution to the differential equation above is

-t
P = Ae10 + 100

3 marks

b. Given that Eric has shown the video to 4% of his subscribers before he posts it on YouTube,
find the value of A.

1 marks

SECTION B- Question 4- continued
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Eric posts a new video on his YouTube channel, and notices that this time the percentage of his
subscribers who have seen the video is more closely modelled by

dP P (100 - P

—_ >
dt 10\ 100 )’fort—o

c. Use differentiation and substitution to verify that the function P below satisfies the
differential equation above, and also the condition that 4% of his subscribers have seen the video

before it is posted.

100

P = for t=0

_t )
1+ 24e10

3 marks

SECTION B- Question 4- continued
TURN OVER
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d. What percentage of Eric’s subscribers have seen his new video after 30 days?

Round to the nearest whole percentage.

1 mark
e. Use a definite integral to find the number of whole days it takes for at least 75% of Eric’s
subscribers to watch the new video.

2 marks

f. Find the number of days t, and the percentage P, when the percentage of subscribers is
increasing at a maximum rate. Round to two decimal places where necessary.

2 marks

SECTION B- continued
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Question 5 (13 marks)

Two friends are playing an online game called “Mini Tank Wars”.
Player A programs Tank A to move according to the vector function

A = (25 cos (’3’—5)) i+ (10 sin (’f—;)) j for ¢ €[0,60],

where i is a unit vector due East, j is a unit vector due North,

t represents time in seconds, and distances are measured in metres.

a. State the initial position of Tank A, in co-ordinate form.

1 mark

b. Find the time(s) when Tank A passes through the origin (0,0).

2 marks

SECTION B- Question 5- continued
TURN OVER
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c. Find the exact time(s) when Tank A is moving at a maximum speed, and also find the
maximum speed (in metres per second, correct to two decimal places).

3 marks

d. Find the total distance travelled by Tank A in the 60 seconds (correct to two decimal places).

2 marks

SECTION B- Question 5- continued
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Player B controls Tank B, which is stationary at the point (0,-10).
35 seconds after Tank A starts moving, Tank B shoots a missile with path:

M(t) = (60 — 26)i + (4t — 140)] + (g (35 — ) (2t — 75)) k for te[35,al,
where k is a unit vector in the positive vertical direction,

a is the time when the missile hits the ground.

e. When the missile is fired, ie. when t = 35, find its initial speed (correct to 2 decimal places),
and its initial angle of elevation (to the nearest degree).

2 marks

SECTION B- Question 5- continued
TURN OVER
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f. Find the time a when the missile hits the ground, hence find the distance that the missile
lands from Tank A, correct to 2 decimal places.

3 marks

END OF QUESTION AND ANSWER BOOK
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