insight.

»innovative »engaging » evolving

YEAR 12 Trial Exam Paper

2018
SPECIALIST MATHEMATICS

Written examination 2

Worked solutions

This book presents:

»  worked solutions
» mark allocations
»  tips on how to approach the exam.

This trial examination produced by Insight Publications is NOT an official VCAA paper for the 2018 Year 12 Specialist
Mathematics 2 written examination. The Publishers assume no legal liability for the opinions, ideas or statements contained
in this trial examination. This examination paper is licensed to be printed, photocopied or placed on the school intranet and
used only within the confines of the purchasing school for examining their students. No trial examination or part thereof may
be issued or passed on to any other party, including other schools, practising or non-practising teachers, tutors, parents,
websites or publishing agencies without the written consent of Insight Publications.

Copyright © Insight Publications 2018



2

SECTION A — Multiple-choice questions

Question 1
Answer: C

Worked solution

The domain of the function sin™ (X) is [-1,1]. This implies that —1 <

Looking at each boundary condition individually:

1
>-1
2X+1

2Xx+1<-1
= X<-1

and

1
<1
2X+1
2x+1>1

=x2=0

Therefore, the implied domain is X € (—o0,—1]U[0, ).

Question 2

Answer: E

Worked solution

The range of the function is [k, ar + k].
So if f(X)<0, then az+k <0.

Therefore, k < —ar.

o When questions involve inequations, check the ‘equal to’ condition in the
question. By checking this condition, answers that don’t match the ‘equal

to’ condition in the question can be eliminated.
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Question 3

Answer: B

Worked solution

Using the compound angle formulas:

cos(¢ + y) = cos(#) cos(y) —sin(g) sin(y) =—a [1]
cos(@—y) =cos(@)cos(y)+sin(g)sin(y) =3b [2]
Adding equation [1] and equation [2] gives:

2 cos(¢)cos(y)=—a+3b

-a+3b
S

So, cos(@)cos(y) =

Question 4

Answer: A

Worked solution

Using de Moivre’s theorem:

7’ =r’cis(30) and Z = rcis(-0).

Then, using division in polar form:
_rlcis(30)

3
2L rcis(30-—6) = ricis(46)
Z rcis(—6)
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Question 5

Answer: E

Worked solution
The relation |z —2+3i|=2 represents the circle (X — 2)2 +(y+ 3)2 =4.
Option A represents the perpendicular bisector between two points, which is a straight line.

Option B represents the equation of a circle with radius V2.

Option C represents the perpendicular bisector between the two points, which is a straight
line.

Option D represents a vertical line.
Option E represents the equation of a circle with radius 2.
(Z—2+3i)(7—2—3i) =4
(x+yi—2+3i)(x—iy—2-3i)=4
[(X=2)+i(y +3)I[(x=2)—i(y+3)]=4
(X=2)" +(y+3)* =4

o Remembering the different representations of the subsets of a plane such as
rays, lines and circles is an efficient way to eliminate multiple-choice
options without needing to do algebra.

Question 6
Answer: C
Worked solution

Since all the coefficients of P(z) =0 are real, this means that the complex conjugates z =—I
and z =2 -1 are also roots. Since three roots have already been stated, with the addition of the
two complex conjugate roots the minimum degree of P(z) is 5.
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Question 7

Answer: D

Worked solution

Start off by finding the value of A that makes the vectors linearly dependent.
Write each component of ¢ as a linear combination of a and b.
1—component

2m-n=3 [1]

j — component

-m+3n=1 [2]

k —component

2m-2n=4  [3]

Rearranging [1] gives:

n=2m-3

Substituting n into [2] and solving for m and n gives:
m=2,n=1

Substituting m and n into [3] gives:

A=2

This value of 4 makes the vectors linearly dependent, so option A is incorrect as the
question is asking for values that make the vectors linearly independent.

Options B, C and E are all incorrect as they include A =2 in their possible values of 4 .

Therefore, option D is correct as it provides values of A4 that make the vectors linearly
independent.

o When attempting questions about linearly dependent/independent vectors,
start off by showing linear dependence. Then take the time to carefully read
your answer so that you are giving the correct response for the context of
the question. That is, if the question is about linear independence, you give
the response for linear independence and not linear dependence.
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Question 8
Answer: E

Worked solution

The vector resolute of a =1+4j+2k perpendicular to b=2i+2j—k is given by:
a-(a.b)b= (1+4j+215)—(<1+4j+215).§(21+2j—15>]§<21+2j—15)

:é(—7i+20j+261~<)

o Ensure you are familiar with the language of the vector projections and
which formula is associated with the projection so that the correct formula
for the context of the question can be applied.
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Question 9

Answer: D

Worked solution

The objects will collide when they have the same position vector at the same time.

So, by equating the components of each vector and solving the equations simultaneously the

value of b can be found.

1 components:
7t? -3=3t

J components:

arcsin (?t] +2=2xt"+b

Solving simultaneously:

I i

7-£2-3=3-¢% o ]
solve fJz | 5 BT |I0
sin“l -fJ+2=2':r:'t +b
Wl !
3 A2
f=—\/; and b=72 \2 X3

1/99

o When solving equations using the calculator, restrict the domain of the
variables to match the domain given in the question so that the calculator
returns only those solutions in the specified domain.
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Question 10

Answer: D

Worked solution
Letu=2-X=x=2-U.
Then:

d—u:—1:>dx:—du
dx

And when

X=—-1=u=3
X=-5=u=7

So

- — 33— —
'[323))((dx=_[ 3-2(2 u)'_

T u
_(33-4+2u du
N

1
:—Jju 2(=1+2u)du

3 1
:—L (2u2 -u 2jdu
7 1
:L (Zu2 —-u 2]du
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du

SECTION A



9

Alternatively, the CAS calculator can be used to calculate the value of the given integral and
then used to check the value of four of the options. Whichever option has the same value as
the given integral will be the correct answer. If none of the four options have the correct
answer, then the correct option will be the one that was not checked.

11112113

o Don’t forget to change the values of the terminals to match the substitution
used.
o Remember to use properties of integral terminals such as

—I i f(x)dx=J'ba f(x)dx to get the correct final answer.
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Question 11

Answer: E

Worked solution

Option A has the slope field:
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Option D has the slope field:
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y

o

T

_h//

"4

‘A
| PAds 7

L_§¥

| | st
R O V2 S
/
\
b

R L E NG R T |

T 7 7 #

MHHHMHNLH\\\\\\\{

s N R T W O O [ A
<

LRANNEINY A

. |
Ay

-__q__-_._-__-,_-_h_,_,_.,_____q__h___h-__h-\__.___-,,hmm__
e o o o, P, M, e, T, T, T, T, T e M T M ey
R . BN R R
L
————————— e el

P (SR A P - Ul IS S s (S

|
|
|
|
{
|
[
|
<
[
|
[
|
[
{

L T Y
é\\\i\\
L L Tt

e e e s R
D e

Y|
=

Therefore, option E is correct.

dy

Alternatively, if we look at the behaviour of d_ for Xx=0 and y > 0, we can see that in the
X
slope field given g—y < 0. This eliminates options B, C and D as g—y > 0 for these values of
X X

X andy.
dy

If we then look at the behaviour of ™ for x=-1 and y > 0, we can see that in the slope
X
field given g—y > 0. This then eliminates option A as g—y < 0 for these values of X and Y.
X X

o When graphing the slope field on the calculator, set the scale and size of the

axes to the same as those used in the question. This will make it easier to see
and compare the slope field to the one in the question. When doing this, only

four options need to be checked. Either the correct option is one of the four
or, if all four are wrong, the remaining option is the correct response.
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Question 12
Answer: C

Worked solution

Implicitly differentiating the function gives:

cos(y)—Xsin(y) ﬂ + sin(X) ﬂ +ycos(X)=0
dx dx

Substituting the point (%,%) and then simplifying gives:

{3 Son(Sar (e (i)

l_x/_zrdy dy 0
2 4 dx dx

_B3mldy 1
4 Jdx 2
4—3x d_y:_l
dx 2

d 2

a@9u__ s
dx 7z3-4

Using the CAS:

Al

[ 4apDif f;:vc*cos':y] +y'sin':x:!=2,x,y]|x=§ and y—g 1

2

n-ﬁ—é

1/99
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Question 13
Answer: C

Worked solution

Using Euler’s method:

%:f(x)’ Xos1 :Xn+h > Yoi :yﬂ+hf(xn)
X =2,Y,=1

X =21y, =1+01[ (242) =1]=25
X =22,,=2.5+0.1) (2.1+2)" ~1] =408

X =23, ¥, =4.08+0.1) (22+2) ~1]=5.745

So Yy, =15.745, which is closest to 5.75, therefore select option C.

Question 14

Answer: C

Worked solution

Change in momentum is:

Ap=mAy
=3[(=3-2)i+(4=(=3)]l
=—151+21j
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Question 15
Answer: A
Worked solution

From the diagram, the downward direction is positive, so an equation of motion for the body
of mass mz is

m,a=m,g-T,

=T,=m,(g-a)

An equation of motion for the body of mass mi is
ma=T,+mg-T,

=T, =T,+m(g-a)

Substituting T2 into the equation and simplifying gives

T,=m,(g—a)+m(g-a)

T,=(m +m,)(g-a)

o Drawing free body diagrams of the forces in a connected particles question
is a good way to visualise all the forces acting and in which direction they
act.

o When a question assigns a particular direction of a force/acceleration to be
positive, make sure to follow that direction in your calculations to get the
correct answer.
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Question 16
Answer: B

Worked solution

From the information given, a=2X+2.

Expressing the acceleration as a = di(%sz gives
X

i(l vzj =2X+2

dx\ 2

LV J-ZX +2dx

2

2

lv =x*+2X+C
2

Applying the given conditions of V = 342 and x=2 gives c=1.

So
lv2 =x>+2x+1

vi=2x>+4x+2

V=22X +4X+2

Checking the given conditions V = 342 and x =2 means that the negative branch is rejected.

V=~/2X" +4x+2
V=4/2(x* +2x+1)
V=42(x+1)°

v:\/E(x+1)

o When taking the square root, make sure to check the conditions given to

determine whether to eliminate the positive or negative branch.

o As this question can also be solved using a calculator, it is important to
know how to solve differential equations with a given boundary on CAS.
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Question 17
Answer: E

Worked solution

The resultant force is R.

The equation of motion of the lift floor is

(m+M)a=R-(Mm+M)g

= R=(m+M)a+(m+M)g
R=(m+M)@+9)

o Drawing a force diagram of all forces is a useful way of visualising all the
forces with their directions, which will help in the derivation of the
equations of motion.

Question 18

Answer: D

Worked solution

The mean is given by

u=EW)=EQ2X)+E(-3Y)
=2E(X)-3E(Y)
=2x9-3x7
=-3

The standard deviation is given by

o= \/V&I‘(W) = Jvar(ZX )+ var(-3Y)
= /2 var(X) + (=3)* var(Y)
=/4x4% +9x2?

=+/100
=10

Copyright © Insight Publications 2018 SECTION A



17

Question 19
Answer: B

Worked solution

Does not exceed 202 g is the same as less than 202 g.

So Pr(X <202)= Pr[Z <w]
5/16
=0.945
o In probability questions, pay close attention to the way the question is

worded. For instance, in this question, ‘does not exceed’ is the same as ‘less
than’. So be aware of the wording so that you know whether you are trying
to calculate the probability for a ‘less than’ or ‘more than’ interval.

Question 20

Answer: B

Worked solution

A type I error is when the null hypothesis is rejected when it is true.
In this scenario, the null hypothesis is that the growth rate is the same.
Option B is the only option that meets the type I error guidelines.

‘Concluding that the growth rate is higher than average when using the special fertiliser’
represents rejecting the null hypothesis, and ‘when in fact it is not’ represents the null
hypothesis is true. Therefore, option B is a type I error.
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SECTION B
Question 1a.i.

Worked solution
X=1and y=-1

Mark allocation: 1 mark

e 1 mark for writing both equations of the asymptotes

Question 1a.ii.

Worked solution

Stationary points occur when the derivative is equal to zero.

f'(x):—z(x+13):0, = x=-1
(x=1)
py2=b 3
So f( 1)—(_1_1)2 1 >

So the coordinates of the stationary point are (—l, —%J

Mark allocation: 2 marks

e | mark for equating the first derivative to zero
e | mark for correct coordinate

Question 1a.iii.
Worked solution

A function is concave up when f”(a) > 0.

neon  HX+2)
o= (x—1)°

vl 4142 1
D= (-1-1)* 4

1 . . .
Since f"(-1) = 2 >0, the stationary point (—1, —%} is concave up.

Mark allocation: 2 marks

e 1 mark for finding the second derivative, substituting X = —1 into it and evaluating
e | mark for concluding that the stationary point is concave up based on the evaluation

of the second derivative

o In “‘show that questions’, even though the result may be known or obvious,
some form of working needs to be shown that proves/justifies the result.
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Question 1a.iv.
Worked solution

A point of inflection occurs when f"(a)=0.

noon AX+2)
f"(x) = D) =0
= X=-2
So f(2)= 22y 13
(—2-1) 9

So, there is a point of inflection at (—2, _§]

Mark allocation: 2 marks

e 1 mark for equating the second derivative to 0 and finding x = -2
e 1 mark for the correct point of inflection coordinate

Explanatory note

The result f "(a) = 0doesn’t always result in an inflection point at X = a. An inflection point is

when the concavity of a curve changes at a point; that is, the sign of the second derivative
changes, so further investigation is sometimes necessary.

For instance, if f(X)=x"atx =0, we have a second derivative of f "(X) =12x. Substituting
x = 0 into the second derivative would give f "(0)=0. However, when you check the sign of
the second derivative either side of x =0, f "(X)will always be greater than zero. Therefore,
there is no sign change at X = 0 and the concavity of the curve has not changed, so x = 0 is not
a point of inflection.
4(X+2)
(x=1)* "’
seen that there is a sign change at x = -2, so a point of inflection exists at x =-2.

For f"(x)= f"(X)<0forx<-2 and f "(X) >0 forx > —2. Therefore, it can be
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Question 1b.

Worked solution

y
4
21 |
1
53)
x=1 2
(2-43,0)
! | f I~ ! X
-3 -2 -1 0 ] 2 3

——

Mark allocation: 3 marks

e 1 mark for a sketch with an accurate shape that shows the asymptotes with their
equations and labelled end points

e 1 mark for accurately showing and labelling all stationary points and points of
inflection

e 1 mark for accurately showing and labelling all intercepts

o Sketch the graph using your calculator. Make the scale and size of the axes
on the calculator the same as in the question to improve the accuracy of the
sketch.
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Question 2a.i.
Worked solution

Polar form is given by rcis(é).

r=y(23) +2° =4

2 V4
f=tan"'| — |==
(M j 6
. [
So, in polar form: 4cis (EJ

Alternatively, using technology:

! \ . Al
(23 +2-i]» Polar in
e ® 4

1/99

Mark allocation: 1 mark

e 1 mark for correct polar form of 4cis (%)
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Question 2a.ii.

Worked solution

Since all coefficients of the equation are real, this means that one of the other solutions is the
complex conjugate of Z;.

So 7, =23-2i.

Then:

(z—2J§—2i)(z—2J§+2i)(z+a)=z3+4(1—ﬁ)z2+16(ﬁ+1)z+64
(z2—4J§z+16)(z+a)=z3+4(1—ﬁ)z2+16(1—ﬁ)z+64

By equating coefficients, it can be seen that a=4.

So z,=—4.

Alternatively, using technology:

A

<:Sc>h:fel‘23+4-[l—\jgzi'zr2+16'{J.—J?T]-Z+ES4=OP
z=2-J§+2'i or z=2'\l;—2'i orz=-4

1/99

Mark allocation: 2 marks

e 1 mark for a correct root of Z, =232

e 1 mark for a correct root of Z, =—4
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Question 2b.

Worked solution

o 2, = (243.2i)

;7 (_4= 0)

e | f——t——— Re(z)
—5—4—3—2—1? 1 2 3 4 5

:. = (243,-2i)

Mark allocation: 3 marks

e 1 mark for correctly plotted and labelled root z, = 243 +2i

e 1 mark for correctly plotted and labelled root z, = 243 -2i
e 1 mark for correctly plotted and labelled root z, =—4
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Question 2c.

Worked solution
| z —43 |=| z |is equivalent to:
|x+iy—4ﬁ|:| X+iy]|

\/(x—4\/§)2 +y =Xt 4y’

(x—4\/§)2 +y =x 4y’

Expanding and collecting like terms leads to:

—8\3x+48=0

:x:izzﬁ

N

x=2£

L 2 = (243,20)

Re(z)

' z,= (243,-2i)

Mark allocation: 3 marks

e 1 mark for showing \/(X—4\/§)2 +y =YX +y°

e | mark for getting the Cartesian equation X = PN

e 1 mark for correctly sketching the line |z — 43 |=|z| going through the points

z, =23 +2i and z, =243 -2i

Copyright © Insight Publications 2018

SECTION B



25

Question 2d.
Worked solution

The segment described is made up from the area of a sector (which is formed by z,,z, and the

origin) with the area of a triangle (which is formed with vertices at z,,z, and the origin) being

subtracted from the sector.
T

Area = - x 7 x 42 —lx4x2\/§
27 2

:%”—4@

_87-1243
3

Alternatively, use the area of a segment formula A= % r’ (0 —~ sin(@)) ,with r=4and 0 = %

So, the area is:

87-1243
3

Mark allocation: 2 marks

e 1 mark for subtracting the area of a triangle from the area of a sector or using the area
of a segment formula

e 1 mark for a correct final answer of M
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Question 3a.

Worked solution

y
10 +
Z (9, 3m)
81
61
31
4 7_
‘ e
rui
.l R ' —>x
-10 -8 6 —4 -2 0 10

Mark allocation: 3 marks

e 1 mark for an accurately shaped graph with correctly labelled intercepts
e 1 mark for correctly labelled end points
e 1 mark for correctly labelled point of inflection
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Question 3b.

Worked solution
Arc length is given by J.Xz 1+ (f'(x))* dx.

The derivative of the curve f’'(x) is:

EE P
J—(X=5)(x-9)
k1.1
TP EC AL AR S
\ 2] 2 | Ax=97-xc-5]
|
M
1/99

So, the arc length is:

\/ J e 5)<x 9)]2 "
J

5\/ —(x 5)(x 9)

J.S\/ (X 5)(X 9)

So:
a=9,b=-5c¢c=-9
or
a=9,b=-9,¢c=-5

Mark allocation: 2 marks

3

V-(X=5)(x=9)

e 1 mark for correct values of a, b and ¢

e 1 mark for finding f'(x)=
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Question 3c.
Worked solution

Evaluating the definite integral in part b. gives:

9 9

[ a—
5 (X+5)(x+9)
=10.3978...

=10.398 cm

10.3978

1/99

Mark allocation: 1 mark

e 1 mark for a correct final answer of 10.398 cm

Question 3d.i.

Worked solution

The volume generated when a curve is rotated about the y-axis is given by:

V= ﬁ_[: x*dy

Rearranging the equation of the curve in terms of y gives:

X:2sin(l(y—3—7rn+7
3 2

Therefore, the definite integral for the volume is:

V= njj”{zgn(%[y—%”j}w}z dy

Copyright © Insight Publications 2018
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Alternatively,

3 y :
V= JZ'jo {7 —2cos (Eﬂ dy
Mark allocation: 1 mark

2
e 1 mark for a correct definite integral of V = ﬂjjﬂ{ZsinG(y—%D+7} dy or
3 y ?
V= ﬂjo {7 —2cos (Eﬂ dy

Question 3d.ii.
Worked solution

Evaluating the integral found in part d.i. gives:

V= ﬂ_[:”{Zsin[é(y—%Jj+7T dy

=1510.05cm’

Using CAS to evaluate the integral from part d.i. gives a volume of 1510.05 cm®.

35t 1510.05 ||

b

Mark allocation: 1 mark

e 1 mark for a correct final answer of 1510.05 cm?
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Question 3e.
Worked solution
Newtons law of cooling is:

dT
= k(T-T
ot (T-T))

Substituting T, = 20 gives:

dT
i —k(T —20)
Separating the variables gives:
dT
(T -20)
Integrating both sides gives:
dT
j (T-20)
= log, (T —20)=—kt+cC
= T-20=e""
= T =20+be™

=—k.dt

= j —k.dt

Where b=¢°.

So a=20.

Applying the initial conditions gives:
90 = 20 +be ™

=b="70

To find Kk, substitute T =60 and t =15 and solve for K.

60=20+70e "
=k :_—lloge (ﬂ)
15 70
=0.037...
=0.04

Therefore, a=20,b =70 and k = 0.04, and the temperature of the coffee is given

as T =20+ 70e™%%,
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Alternatively, we have

T
(T -20)

Integrating both sides over the given conditions to find k

| ar__ [kt
90 (T —20) 0
[log, (T —20)];; =[-kt];

= log, (%j =-15k

=k= —iloge (gj =0.037...

=0.04

This then gives

J- dT
(T -20)

Integrating both sides gives

log, (T —20) =-0.04t +c

= j ~0.04.dt

= T _ 20 — e70.04t+0
=T =20+ be™

Whereb = e
So a=20.

Applying the initial conditions gives

90 =20 +be >
=b=70

Therefore a =20,b =70,k = 0.04 and the temperature of the coffee is given as

T =20+70e"™
Mark allocation: 3 marks

e | mark for separating the variables and integrating both sides of the equation
e 1 mark for applying the conditions in the question to get a =20,b =70 and k =0.04,

correct to two decimal places
e 1 mark for stating the equation T =20+70e
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Question 4a.i.
Worked solution

The distance can be found using the formula |r (t,)—r (t)].
~G ~G

o 3 . .
Substituting t, =0 and t, = Tﬁ and then evaluating gives:

=)o
(1—2cos(2x%zj—l+2cos(2x0)} +(2sin(2x377[j+3—2sin(0)—3j .

j
=22+ (22)

=8

=22

Mark allocation: 1 mark

e 1 mark for correct final answer of 2\/5

Question 4a.ii.

Worked solution

Speed is given by

r;<t)‘ .

So 1. =4sin(2t)i + 4cos(2t) ] .
Then:

r.G (3—”] = 4sin(2x3—7[ji +4cos(2><3—ﬁjj
-\ 4 4 )~ 4 )-

: &sin(zxfjji[mw(”?ﬁ

=4

Mark allocation: 2 marks

¢ | mark for finding r.G =4sin(2t)1 + 4 cos(2t) ]

e | mark for correct final answer of 4
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Question 4b.
Worked solution

For a collision to occur, both Geoff and Dustin must have the same position at the same time.

Equating the 1 and j components of the position vectors and solving simultaneously gives:

1—-2cos(2t) =a+sin(t) [1]
2sin(2t)+3 =3 —cos(t) [2]

:>t=Z and a=2.
2

*Unsaved = mﬂ‘

h — . -

[1-2-cosl2-#l=a+sinls) s q

solvel s Ea L lkary
| 2-31n(2-!]+3=3—cos[!}

i=1.5708 and @=2.

:I|0<f<n

© €[

1/9

Solving equation [2] to get t :% can be done as follows.

2sin(2t) = —cos(t)
= 4sin(t) cos(t) +cos(t) =0
= cos(t)(4sin(t)+1)=0

So, either cos(t) =0 or 4sin(t)+1=0.

For cos(t)=0, t zg is the only solution inside the domain.
For 4sin(t) +1=0 = sin(t) = e there is no solution inside the domain.
Thus, t = z.

2

Substituting t =— into either position vector will give the coordinates of the collision,

which are:

(52 o oon(ee5)o)

=3i+3]
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Mark allocation: 3 marks
e 1 mark for equating the 1 and j components of the position vectors

e | mark for correctly finding a =2
e 1 mark for correct coordinates of the collision 31+ 3]

o When solving trigonometric equations using the calculator, it is a good idea
to restrict the domain to filter out solutions not in the required domain.
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Question 4c.

Worked solution

The parametric equations that describe the motion of Dustin’s path are X —2 =sin(t) and
—(y—3)=cos(t).

These give the following Cartesian equation for a circle:

(x=2)"+(y=-3)° =1

The initial position of Dustin is when t =0, which gives the coordinate (2, 2).

From part b., we know that Dustin and Geoff collide at (3, 3); therefore, Dustin is travelling
in an anticlockwise direction.

So, Dustin’s path with direction given is:

Mark allocation: 2 marks

e 1 mark for sketching a circle of radius 1 with a centre at (2,3)
¢ 1 mark for indicating a path that is anticlockwise
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Question 4d.
Worked solution

The angle between two moving particles is found by finding the angle between the velocity
vectors.

From part a.ii., the velocity vector for Geoff is:
i, = 4sin(2t)i + 4cos(2t) j
The velocity vector for Dustin is:

r;) =cos(t) 1 + sin(t) j

So, the angle between the velocity vectors when t =% is given by:

()

)
(0i-4).(0i+})

(0 +(-4)* (o) +(1y

, -4)
=CO0S —_—
4

6 =cos™

=cos™

=7

Mark allocation: 3 marks

¢ 1 mark for finding r]') = cos(t) i+ sin(t) j

(7
55 (5)
e 1 mark for using g = cos™' | — 2)P\2 or similar

'2(;]”%@'

e 1 mark for a correct angle of 7
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Question 5a.
Worked solution

A free body diagram of all the forces looks like:

Sgoosa0) 28-401 N

5gsin(30°)

Considering the forces acting parallel to the ramp, the following equation of motion
can be found.

> F=ma

= 28— 40t + 5g sin(30°) = 5a
Solving for a gives:

A 28 —40t + 59 sin(30°)
5
_ 28+2.5g 40t
- 5
_52.5-40t
5
=10.5-8t

Mark allocation: 2 marks

e 1 mark for the equation of motion 28 —40t +5gsin(30°) =5a
e | mark for showing appropriate working to get the result 10.5 — 8t
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Question 5b.
Worked solution
We resolve the motion of the block into 1 and j components, where the 1 component is
parallel to the ramp and the j component is pe;pendicular to the ramp, as shown in the

diagram below.
i

30°

The acceleration can then be written as the vector a(t) = (10.5—-8t)i.
Integrating to get the velocity vector gives v(t) = (10.5t —4t*)i +c.
Apply initial conditions to find c:

v(0) = (10.5(0)—4(0)")i +¢ =0

=c¢=0

= Vv(t)= (10.5t—4t%) i

The speed of the block at 0.7 seconds is then given by:

Y(0-7)‘ - ‘10.5(0.7) —40.7)°i

=/(5.39)

=5.39
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Alternatively, use an integral to find the speed of the particle.
Since a(t) =10.5-8t, then

["(10.5-8t)dt =539 ms™"

(10.5-8- 1)as

Mark allocation: 2 marks

1 mark for finding the velocity vector v(t) = (10.5t —4t° )i

1 mark for a correct final answer of 5.39 ms™!

OR

e 1 mark for use of integral with correct integrand and terminals
e 1 mark for correct final answer of 5.39 ms™!

o Terminating decimals are exact values when written in full (e.g. 0.25 is just

1
as exact as 7 ).
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Question 5c.

Worked solution
Since the question is referring to motion parallel to the ramp and the i component is parallel

to the ramp, the magnitude of the 1 component of the position vector will represent the
distance travelled along the ramp by the block.

From the previous question, the velocity vector is:

v(t) = (10.5t —4t%)i
Integrating gives:

2 4 3 s
r(t) = (5.25t _Et jl +b

Assigning the initial position of the block to be 0 i + 0 j and applying this initial condition
gives a position vector of:
r(0) = (5.25(0)2 —%(0)3} +b=0i+0j
=b=0

2 4 3
=)= (5.25t —Et jl
Substituting the time 0.7 seconds gives:

r(0.7) = (5.25(0.7)2 —?(0.7)3j i

Finding the magnitude of the 1 component:

\/(5.25(0.7)2 —%(0.7)3j =2.11517...

=2.12

So, the distance travelled is 2.12 m.
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Alternatively, since V=10.5t —4t>, the distance travelled by the particle in the first
0.7 seconds is _[00'7(10.5t —4t° ) dt=2.12 m.

2.11517 [
(10.5- t-4- :2)d:

Al

Mark allocation: 2 marks

e | mark for finding the position vector
[ ]

1 mark for a correct final answer of 2.12 m

OR

1 mark for use of integral with correct integrand and terminals
[ ]

1 mark for a correct final answer of 2.12 m
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Question 5d.
Worked solution

Since gravity is the only force acting on the block, the acceleration vector is now
a=(9gsin(30°))i=4.9i and is valid only for t > 0.7 seconds.

Integrating to get the velocity vector gives v(t*) = (4.9(t*)) i+d, where t*=t-0.7.
Applying the initial condition that v(t*) =531 when t = 0.7 gives a velocity vector of:
v(t¥) = (4.9(t%) +5.39) i

Integrating the velocity to get the position vector gives:

r(t*) = (% (t*)? +5.39(t*)j i+e

Applying the initial condition that r(t*) =2.121 when t = 0.7 gives a position vector of:
r(t*) = (4—; (t%)” +5.39(t*) + 2. 12)1

Replacing t* with t* =t —0.7 and solving for t when {(t -.07)= lOi gives:

r(t-0.7)= (42;9@ ~0.7)% +5.39(t —0.7)+2.12)1 =10i

= t=-2.50388 or t=1.70388

: =
solver%‘[!—0.7]2+5.39'E:t—0.7]+2.12=10,f]
1 |
£=-2.50388 or £=1.70388
R
™
1/99

Rejecting the negative time gives a total time taken as 1.7 seconds.
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Alternatively, the total time can be found as total time = 0.7 +t, where t is the time taken for

the block to reach the bottom of the ramp after the applied force is removed.
For this time period we can say that:

u = initial speed = 5.39 ms™!

X = distance to the bottom of the ramp = 10 —2.12 =7.88 m

a = acceleration due to gravity = gsin(30°) = 4.9 ms™

o . . 1 :
Substituting the values into the formula for constant acceleration of x =ut + By at’ and solving

for t gives:

7.88 =5.39t+%x4.9t2

= t=-3.20388 or t =1.00388

[ TE—T—

solvel? 885 39-4+0.5-4.9-2.4)
£=-3.20388 or £=1.00388

|| 1/99

Rejecting the negative value then gives a total time of:

Total time = 0.7 +1.00388
=1.70388
=1.7

So, the total time taken is 1.7 seconds.

Mark allocation: 3 marks
e 1 mark for using vector calculus techniques to find the position vector
¢ | mark for the equation {(t -0.7)= (%(t —0.7)* +5.39(t—0.7)+2. 12}12 101
e 1 mark for a correct final answer of 1.7 seconds

OR

. . 1
e 1 mark for using the formula for constant acceleration X = ut +—at’

e 1 mark for finding that it takes 1.0 second for the block to reach the bottom of the
ramp after the applied force has been removed
e 1 mark for a correct final answer of 1.7 seconds
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Question 6a.

Worked solution

Let X be the distribution of the sample means.
The standard deviation is then:

2
Jn
3

V100

=0.3
Mark allocation: 1 mark

sd(X) =

3

e | mark for showing the calculation
100

Question 6b.

Worked solution

Begin by finding the 90% confidence interval by using the CAS.

'. *Unsaved = X *nsaved <= -
Al zInterval 3,66.9,100,_0_9: staf resulfs A
"Title" "z Interval"
- ‘ 3 :l "CLower"  66.4065
% [ 66.9 [y "ClUpper"  67.3935
n: | 100 'y A ngH 66.0
"ME" 0.492456
C Levet [ 0.90) b oy 100
|=‘ ., i IIO.II 3-
OK] ‘Cancel‘
— ™ ™
0499 1/99

So, the confidence interval is (66.4065, 67.3935).

Note that the formula (;- z£,§+ zij , where z=1.65, can be used to find the 90%
Jn Jn
confidence interval.

Equate the confidence interval found with the confidence interval given in the question and
solve for k; and K, , correct to one decimal place.

So 66.9—-k =66.4065 and 66.9+k, =67.3935.
=k =0.5and k, =0.5.

Mark allocation: 2 marks

e | mark for finding the 90% confidence interval (66.4065, 67.3935)
e 1 mark for a correct final answer of k, =0.5 and k, =0.5
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Question 6¢.
Worked solution

Since the quality control tester claims the diameter exceeds the production company’s mean,
this is an upper-tail hypothesis test.

The null and alternative hypotheses are then:
H,: #=669

H;: ©>66.9

Mark allocation: 1 mark

e 1 mark for H;: #=669and H,: 1£>66.9
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Question 6d.
Worked solution
An expression for the p-value is Pr(Y > 67| 1u=066.9).
The p-value is then:

Pr(X > 67| 1t = 66.9)

_pe| 75 67669
3
100
= 0.369%4

Alternatively, using the CAS to evaluate the p-value:

100

Alternate Hyp: | Ha: p > po

OK | ‘Cancel

*Unsaved =

zTest 66.9,3,67, }00,1: stat results

"Title" "z Test"
"Alternate Hyp" "p = po"
hz" 0.333333
"PWal" 0.369441
e 67.
"n" 100.
"o 3.
ol ~
11

Mark allocation: 2 marks

e 1 mark for the expression Pr(y > 67| u=66.9)
e 1 mark for a correct p-value of 0.3694
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Question 6e.
Worked solution

Since the p-value=0.3694 > 0.05 , we cannot reject the null hypothesis at the 5% level of
significance. There is insufficient evidence to support the quality control tester’s claim.

Mark allocation: 1 mark

e | mark for stating that we fail to reject the null hypothesis and there is insufficient
evidence to support the quality control tester’s claim as p > 0.05

Question 6f.
Worked solution
The critical z-value for the test is 2.326.

So, to find the minimum value of the sample mean we solve

X—66.9
3

V100

Mark allocation: 1 mark

2.326 = , which gives a minimum value of 67.5978 = 67.6 mm.

e 1 mark for a correct answer of 67.6 mm

END OF WORKED SOLUTIONS
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