SPECIALIST MATHEMATICS

Written examination 2

TSSM

Creating VCE Success

(TSSM’s 2015 trial exam updated for the current study design)

SOLUTIONS

SECTION 1: Multiple-choice questions (1 mark each)

Question 1
Answer: A

Explanation:

(x-5' G-3"_,

x=5—6sec(2t),y =3 + 5tan(2t) =

36 25
) x—5 y-3
= the equation of the asymptotes: + < = 0
Y=eX T oY= TexT
Question 2
Answer: E
Explanation

From the graph we can see the semi-major axisa =7 -2 =75
and the semi-minor axis b = 3

Therefore the equation of this ellipse is —(xz? + < 93) =1
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Question 3

Answer: B

Explanation:

()_2x2+3x+7_2(x2+2x+2)—x+3_ x—3
fx_x2+2x+2_ x2+2x+2 h x2+2x+2

= y = 2 is the horizontal asymptote

Forx? + 2x + 2 = (x + 1)? + 1, the discriminant A = 22 — 4 x 1 x 2 = —4 < 0. Hence
x% 4+ 2x + 2 # 0and (—1, 1) is the minimal point of (x + 1)% + 1.

Therefore there are no vertical asymptotes. f(x) has a maximal point at x = —1.

The graph of f(x) is shown below.

1 1

b & & & + & & & & 0 - & 0 & & 0 & & + & x“

-10 L1 10
Question 4
Answer: E
Explanation:

YA

arctan(2 — 3x) c (— E'E)

T T
:>4arctan(2—3x)+5c(—Ex4+5, E><4+5):(5—2n,5+2n)
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Question 5
Answer: D

Explanation:
Any complex number can be regarded as a position vector.

Hence z = z; — z, = z,z; = 0S.

ZZ-/}

Question 6
Answer: E
Explanation:

|z — z,| = |z — z,| represents the locus of points with equal distance to z, and z,, which is the
perpendicular bisector between z, and z,.

Question 7

Answer: B

Explanation:

z=-5V3-5i=10 (—? — %) = 106is(—5£)

10 _ 1010 _5m o (3T = 100.0jc(—Z
=z"=10 (cos( 6><10)+sm( 6><10)>—10 cis( 3)
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Question 8
Answer: C

Explanation:
Geometric interpretation of multiplication of complex numbers: z = 4cis(72°)z, can be

obtained from z; by a rotation of 72° around the origin in anti-clockwise, followed by a dilation

of factor 4 from the origin.

Question 9
Answer: A

Explanation:

—b+Vb2-4ac
— %a Hence

For any quadratic equation az® + bz + ¢, a # 0, the two solutions are u, v =

c
Ut+v=—, uXv=-
a a

30 6i 7 .
ut+tv===—, uXv=—=a=10,b = —6i,c = 7.
5 10 10

Question 10
Answer: B

Explanation:

floge(% ex loge() 1
dx = f —_de*
loge(hy 1+ €% logey 1+ (e%)?

Letu =e*. Thenu = g when x = loge(g) and u = % when x = loge(g)

1
1+u?

du

loge(3)  e*
Therefore 2
flOge(g) 1+(e¥)?

de* = [?
3
Question 11

Answer: E

Explanation:
According the Fundamental Theorem of Calculus, G(5) — G(1) = flsg(x) dx = 8.
Therefore G(5) =8+ G(1) =8+2 =10

© TSSM 2015 Page 4 of 13



SPEC MATH EXAM 2

Question 12
Answer: E

Explanation:
A useful mathematical model for setting up differential equations of dynamic systems
dx
E = Rin X Cin — Roye X Cour
where R;,, and R,,,; are the flowing in and flowing out rate; C;,, and C,,,; are the concentrations of
the solutions which are flowing in and flowing out respectively.

Therefore
dx _ 2x12—-1.5 ad = 24 3x
at o C T e 215 T 170+¢
Question 13
Answer: C
Explanation:
Use a List and Spread Sheets in CAS to solve
®AX By C dy
1 2 6 1.1275
2 2.2 6.2255 1.1467/8
3 2.4 6.45486| 1.16756
Question 14
Answer: A
Explanation:

Look at the slope field in CAS for each of the differential equations.
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Question 15
Answer: D

Explanation:
1 -1 1
The component coefficient matrix of the vectorsis |2 a 1]
5 5 a

1 -1 1
Let det([z a 1]) = 0. Solve for a by CAS, shown below

5 5 a
1 -1 1 a=0 or a=3
solvefdet|, ., 1||70.a
5 5 @
Question 16
Answer: C
Explanation:
@ a-b 342 5 - tan(0) 2 _ o~ 2 tan(6) 120
Ccos = = = — an = — an = = —
|a| |b| Vi3v1i3 13 5 1—tan2(6) 119
Question 17
Answer: A
Explanation:
® _f e T e == T ks
r) = | ity h2thdt = ——— i+ ——— ] + %k + ¢
r(0)=2j+2k=j+c=>c=j+2k
£ b2
et —et et +et+2 et —et (e2+e 2)
= r(t) = 5 i+ 5 j+ @+ 2)k = 5 i+ 5 j+ 2+ 2)k
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Question 18
Answer: E

Explanation:
The resultant force of any number of forces acting upon the body is the sum of all the forces.

Question 19
Answer: C

Explanation:
The velocity v(t) = —24 cos(3t) i — 45sin(3t)j, t = 0.

The speed=|v(t)| = /242 cos2(3t) + 452 sin2(3t) = /242 + 1449 sin?(3t)
Therefore the minimum speed is 24 m/s

Question 20
Answer: B

Explanation:
v2—u?=2as 2> v=+u?+2as=+(-2)2+2x9.8x10 = 10v2

Question 21
Answer: B
Explanation:
dv x*  dv %% 5 x2
a= va = pel00 = P =e100 = v(5) —v(1) = fl e100 dx

5 2

v(5) = v(1) +j e% dx ~ 7.45

1

Question 22
Answer: D

Explanation:
Displacement= [ v(t) dt = [(¢* — 4t% — 4t + 16) dt = 60
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SECTION 2: Extended Response questions

Question 1 (10 marks)

a.

X
x =2+ 3tan(t), y = 4sec(t) = tan(t) =

b. The equation of the asymptotes are

C.

S SN
gt 3 =0=2y=230-2)
2 —_2)2
Differentiate both sides of 31’—6 — % =1, we get

2yy" 2(x—2 . 16(x—2
yy 2 )=0:>y= (x-2)
16 9 9y

. 16(6-2) _ 16 _ _ 20
:y—gx—z;_o—gwhenx—&y—?.

The equation of the tangent at (6, ?) is
20

16
y—5 =3 (x=6).
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e. V=mfi(16+2 P yay 1 mark
f. By CAS
—2)2
V=mnJ 16+ )dx ~ 230.85 1 mark
Question 2
a. z =22+ 2v2i = 4cis (g) = 7% = 4%cis(m) = —256
1 mark
4 _ a4 .: _ . b4 . b4 b4 . b4 2T . T 3w
b. z* =4%cis(n) = z = 4cis (Z) ,4cis (Z + E) ,4cis (Z + 7) ,4cis (Z + 7)
Therefore the other solutions are
_4,(371) 4_<3n> 4_(n)
Z = 4cis 7 ) cis 7 ) cis 7
1 mark
c. The shape of the locus represented by |z — 2v2 — 2v2i| = |z + 2v2 + 2v2i]
is the perpendicular bisector of the line segment connecting
A(2V2,2V2) and B(—2V2,— 2V/2).
The gradient of AB is 1= the gradient of the bisector is —1.
The midpoint of AB is (0, 0)
Therefore the equation of the bisectoris y = —x
d.
The shape of the locus represented by |z| =|2V2 + 2\/§i| is a circle with centre
(0, 0) and radius r = |2v2 + 2v2i| = 4.
2
14
I
B2 1238
-1
=2
1 mark
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e. 1. From the CAS

] 2+|2 E)z-j

Hence LHS=RHS.

16

2 E———s' {IE ‘+(3. E)z

2 ,Eov.*ﬂ
y

ii. From the equation given in ei, the semi-major axis of the ellipse is 8 and the centre is at (0,0).
Let (0, b) be a vertex of the ellipse on the y-axis. Substitute z = bi into the equation then

then we have 2 /(@)2 + b? = 16. Solve for b by CAS

(| — 2 8 [7
.s'ulwl ‘b:+"8 }4- 8.bIb>0 b~ 7
\ | 7 |
Therefore b = 87ﬁ
Hence the equation of the ellipse is
x?  7y?
— =1
64 64
Question 3
B
G
N 0 M A
7Bl = (1) 1125
a. [MB|= () +12=2
1 mark
b. ON = —[MB|i +1i ="
2 marks
2
c. |BN|= le +(F5H) sl
2 2
1 mark

d. Let 0 be the angle between OB and OC.
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oboc L 5
Then cos(f) = == =—"2= :
|[oB|loc]  1x1 4
While cos (2 x %) = 2c0s2() — 1 = 2 x 25 _ g =51
5 5 16 4
Therefore 0= 2?”
3 marks
e. BC=BO0+0C=— ‘“TM p Ly IO
2
10+2\/§ V5-5 10-2v5
c] - j( (5 =05
[B¢| = BN
3 marks
f. The side length can be found using the cosine rule:
l=\/12+12—2><1><1><cos(2?")=ho;2\/§
2 marks
Question 4
dh  dh/dt h r+1
a —=—"—=—X— 2 marks
dr dr/dt 1+h r+2
b. v=mnr?h
dv
s =27 ><—><h+7rr xdt i
=2nx5x6x8+nx52x3
_ 10:071 cm3/s
3 marks
C. T=8X 40— B X =%
2 marks
d t= fozoo 2 dx ~ 0.63minutes
16000—x
2 marks
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Question 5
a. The forces acting on Nick and his board are shown in the diagram below.
2 marks
W-the weight
b. mgsin(0) + umg cos(8) = —ma
= a = —(gsin(@) + ug cos(8))
= a = —9.8(sin(45°) + 0.01 cos(45°)) = —7 m/s?
2 marks
c. v2—u?=2as>v=vu2+2as=vV152—-2x7x10=19.22m/s
2 marks

d. Let t be the time that Nick comes back to the same level after leaving the first skate ramp.
Then

1 _ 1
s=ut—§gt2 =>0=9.22$1n(45°)t—§><9.8><t2

Solve for t, t = 0 (reject) or t = 1.33 s (accept).
In the 1.33 seconds the horizontal distance travelled by Nick is
d = 1.33 X 9.22 X cos(45°) = 8.67m
That is more than 8m. Therefore Nick can land on the other side safely.
3 marks

e. Let t be the time after leaving the first ramp when Nick lands on the second ramp and let h be
the vertical distance below the top of the ramps when Nick lands on the second ramp.
Then
x =9.22cos(45°) -t

1
—h =9.225sin(45°) t — 5 X 9.8 x t?

h = tan(30°
x—g @nG0Y
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Solve them simultaneously

x=425m x=944m
h =—-2.17m (reject) OR h = 0.83 m (accept)
t=0.65s t=145s

3 marks

f. Let 0 be the minimal angle, in degrees, between the first skate ramp and the ground such that
Nick can safely land on the second skate ramp t seconds after leaving the first ramp.
Then
9.22cos(6)t =8
1
9.22sin(0) t — > x 9.8 X t2 =0

Solve them simultaneously,
t=1.04s, 0 = 33.6°
Therefore the required minimal angle is 33.6°.

3 marks
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