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Question 1 
݂ሺ2 ൅ ݅ሻ ൌ 0	implies	݂ሺ2 െ ݅ሻ ൌ 0   property of complex conjugates [1] 

ሺݖ െ 2 െ ݅ሻሺݖ െ 2 ൅ ݅ሻ ൌ ଶݖ െ ݖ4 ൅ 5   

௭రିଶ௭యି௭మାଶ௭ାଵହ

௭మିସ௭ାହ
ൌ ଶݖ ൅ ݖ2 ൅ 2   long division [1] 

ଶݖ ൅ ݖ2 ൅ 2 ൌ ሺݖ ൅ 1ሻଶ ൅ 1   factorizing quotient over the complex numbers [1]	
																								ൌ ሺݖ ൅ 1 െ ݅ሻሺݖ ൅ 1 ൅ ݅ሻ  

∴ ݂ሺݖሻ ൌ 	 ሺݖ െ 2 െ ݅ሻሺݖ െ 2 ൅ ݅ሻሺz ൅ 1 െ iሻሺz ൅ 1 ൅ iሻ [1] 

Question 2 

ܽ ൌ ݁ି௩
మ
 

ݒ
ௗ௩

ௗ௫
ൌ 	 ݁ି௩

మ
     identifying correct differential [1] 

ௗ௫

ௗ௩
ൌ ௩݁ݒ

మ
     finding an expression for  ௗ௫

ௗ௩
 [1] 

ݔ ൌ ׬ ௩݁ݒ
మ
ݒ݀ ൌ

ଵ

ଶ
݁௩

మ
൅ ܿ    integration w.r.t. ݒ (incl. constant) [1]  

݁ ൌ
ଵ

ଶ
݁଴ ൅ ܿ ⇒ ܿ ൌ ݁ െ

ଵ

ଶ
    evaluating at given point to find c 

∴ ݔ ൌ 	
ଵ

ଶ
݁௩

మ
൅ 	݁ െ

ଵ

ଶ
    correct equation relating ݔ and [1] ࢜ 

Question 3a 

݂ሺݔሻ ൌ
2

4 ൅ ଶݔ
	

׬
ଶ

ସା௫మ
ൌ ቂtanିଵ

௫

ଶ
ቃ√ଷ

ି√ଷ
√ଷ
ି√ଷ

    correctly identifying the antiderivative [1] 

													ൌ tanିଵ √
ଷ

ଶ
െ tanିଵ

ି√ଷ

ଶ	
ൌ 2 tanିଵ 	√

ଷ	

ଶ	
  correctly evaluating the antiderivative [1] 

Question 3b 

׬ ݂ሺݔሻ ൌ ׬
௫మ

√ଶ௫ିଵ
  ݔ݀	

Let ݑ ൌ √ሺ2ݔ െ 1ሻ    appropriate substitution [1] 

Then ௨
మାଵ

ଶ
ൌ hence ௗ௫ ,ݔ

ௗ௨
ൌ ሻ and ௗ௫ݑሺݔ finding   ݑ

ௗ௨
	 

׬ ݂ሺݔሻ ൌ ׬
൫௨మାଵ൯

మ

ସ
 [1]ݑ expressing antiderivative in terms of    ݑ݀	

׬
൫௨మାଵ൯

మ

ସ
ݑ݀	 ൌ

ଵ

ସ
׬ ସݑ ൅ ଶݑ2 ൅ 	 ݑ݀	1

																								ൌ
ଵ

ସ
ቀ
௨ఱ

ହ
൅

ଶ௨య

ଷ
൅  ቁ    correctly anti-differentiating  [1]ݑ

׬ ݂ሺݔሻ	݀ݔ ൌ √ଶ௫ିଵ

ସ
ቀ
ሺଶ௫ିଵሻమ

ହ
൅

ସ௫ିଶ

ଷ
൅ 1ቁ  substituting ݑ ൌ  ሻݔሺݑ

׬ ݂ሺݔሻ = √2ݔ െ 1 ቀ
ଷ௫మାଶ௫ାଶ

ଵହ
ቁ   simplifying [1] 
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Question 4 
sinሺ3ߠሻ െ cosሺ3ߠሻ ൌ sinሺ2θሻ cosሺθሻ ൅ sinሺθሻ cosሺ2θሻ െ ሺcosሺ2θሻ cosሺθሻ െ sin	ሺ2θሻsin	ሺθሻሻ	
      using angle sum identities [1] 

ൌ 2sin ߠ cosଶ ߠ ൅ sin	θሺcosଶ θ െ sinଶ θሻ െ ሺcosଶ θ െ sinଶ θሻcosθ ൅ 2 sinଶ θcosθ	
      using double angle formulae [1] 

ൌ 3sin ߠ cosଶ ߠ ൅ 3cos ߠ sinଶ ߠ െ sinଷ ߠ െ cosଷ  collecting like terms [1] ߠ

Question 5a 
We can simplify the diagram and fill in obvious 
angles as shown. There are many ways to go 
about solving this problem. Suppose we label 
points A,B, C and D as shown. If the dotted line 
is the perpendicular bisector of ∠࡯࡭࡮,	then 
ࡰ࡭࡮∠ ൌ ࡰ࡭࡯∠ ൌ 	࡯ࡰ࡭∠ Then .ࢻ ൌ 	૚૞૙ െ  ࢻ
and ∠࡭ࡰ࡮	 ൌ 	ૢ૙ െ ࡭ࡰ࡮∠ As .ࢻ ൅ ࡯ࡰ࡭∠ ൌ
૚ૡ૙, ࢻ ൌ ૜૙. Hence, ∠ࡱࡰ࡭ ൌ ૢ૙, and the 
bisector is parallel to the wall, as required. [3]  
 

Question 5b 
As the bisector is perpendicular to the wall, it is 
parallel to the direction of ݉݃. We can make a 
freeform force diagram and solve using the sine 
rule [1], which gives 
 
஺஻തതതതܨ ൌ ஺஼തതതതܨ ൌ

ସଽ

ୱ୧୬ሺ଺଴ሻ
ൌ 49 ൈ

ଶ

√ଷ
ൌ

ଽ଼

	√ଷ
 [1] 

 

 

60˚ 

30˚

30˚ 
150˚

A 

B

C 

D E

150˚ 150˚

60˚

98ܰ
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Question 6 
correct shape (incl. absence of  
intercepts) [2] 

correct asymptotes [1] 

 

 

 

 

 

 

Question 7 

 

Question 8 
ݕݔ log௘ሺݕݔሻ ൌ 1     using log rules to simplify the expression [1] 
log௘ሺݕݔሻ௫௬ ൌ 1	
ݕ log௘ ௫ݔ ൅ ݔ log௘ ௬ݕ ൌ 1 

ௗ௬

ௗ௫
ݔ log௘ ݔ ൅ ሺ1ݕ ൅ log௘ ሻݔ ൅ ݔ

ௗ௬

ௗ௫
ሺ1 ൅ log௘ ሻݕ ൅ ݕ log௘ ݕ ൌ 0 implicit differentiation [1] 

࢟ࢊ

࢞ࢊ
ൌ

࢟ି࢟ି ࢋ܏ܗܔ ࢟ି࢞ ࢋ܏ܗܔ ࢟

࢞ା࢞ ࢋ܏ܗܔ ࢞ା࢟ ࢋ܏ܗܔ ࢞
ൌ െ

࢟

࢞
ቀ
૚ାࢋ܏ܗܔሺ࢟࢞ሻ

૚ାࢋ܏ܗܔሺ࢟࢞ሻ
ቁ ൌ െ

࢟

࢞
 correct, simplified expression [2] 

Question 9a 

ሻ࢚ሶሺ࢘ ൌ ࢊ

࢚ࢊ
ሻ࢚ሺ࢘ ൌ 	െ૜ ܖܑܛ ࢏	࢚ ൅ ૜ ܛܗ܋ ࢐		࢚ ൅  [1] ࢑

ሻݐሷሺݎ ൌ ݀

ݐ݀
ሻݐሶሺݎ ൌ 	െ3 cos 	݅	ݐ െ 3 sin 	ݐ ݆  [1] 

Question 9b 
ሻݐሺ࢘ ∙ ሷ࢘ ሺݐሻ ൌ 	9 sin ݐ cos 	ݐ െ 	9 sin ݐ cos ݐ ൌ 0		  [1] 

This suggests that the acceleration of the particle is always perpendicular to its velocity [1].  

Im(z) 

Re(z) 

       
2 4 86

	ଶݖ

 ݖ

 ଷݖ

ݕ ൌ
௫

ଶ
൅

ଷ

ସ

ݔ ൌ 0
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Question 10 

To prove the claim, it is sufficient to show that ܲܳሬሬሬሬሬԦ ൌ ܴܵሬሬሬሬሬԦ and that ܵܲሬሬሬሬԦ ൌ ܴܳሬሬሬሬሬԦ.   [1] 

First observe that ࢇ ൅ ࢈ ൅ ࢉ ൅ ࢊ ൌ ૙  [1] 

Then: ܲܳሬሬሬሬሬԦ ൌ ଵ

ଶ
ሺࢇ ൅ ሻ  and ܴܵሬሬሬሬሬԦ࢈ ൌ െ

ଵ

ଶ
ሺࢉ ൅   ሻࢊ

So, ܲܳሬሬሬሬሬԦ െ ܴܵሬሬሬሬሬԦ=ଵ
ଶ
ሺࢇ ൅ ࢈ ൅ ࢉ ൅ ሻࢊ ൌ ૙ 

Therefore, ܲܳሬሬሬሬሬԦ ൌ ܴܵሬሬሬሬሬԦ   [1] 

Similarly,  

ܵܲ ൌ
ଵ

ଶ
ሺࢊ ൅ ሻ  and ܴܳሬሬሬሬሬԦࢇ ൌ െ

ଵ

ଶ
ሺࢉ ൅    ሻ࢈

So  

ܵܲሬሬሬሬԦ െ ܴܳሬሬሬሬሬԦ=ଵ
ଶ
ሺࢇ ൅ ࢊ ൅ ࢉ ൅ ሻ࢈ ൌ ૙   

Therefore, ܵܲሬሬሬሬԦ ൌ ܴܳሬሬሬሬሬԦ, which completes the proof. [1] 

 

	ܣ

ܤ

ܥ

ܦ
ܲ 

ܳ 

ܴ

ܵ


