THE

HEFFERNAN SPECIALIST MATHS
GROUP TRIAL EXAMINATION 2
P.O. Box 1180 SOLUTIONS
Surrey Hills North VIC 3127 2014
Phone 03 9836 5021
Fax 03 9836 5025
b man o comas
SECTION 1 — Multiple-choice answers
1 E 7. D 13. D 19. D
2 B 8. E 14. C 20 E
3 C 9. C 15. D 21. B
4 A 10. E 16. A 22. A
5 A 11. A 17. C
6 D 12. E 18. B

SECTION 1 - Multiple-choice solutions

Question 1
(y-k)? (x=h)’
a2 - 2

First, we require an equation of the form

=1 (rather than one of the form

. 2 — 2
=h)” 2k) =1). So eliminate options A and C.

2
a

2 2
M - Z—z =1 is translated left or right, then the
a
maximum and minimum points on the branches of the hyperbola are no longer on the y-axis.
So eliminate options B and D.

The answer is E.

Second, if the graph with equation

Question 2

Since the graph has vertical asymptotes of x =6 and x = 0 (ie the y-axis), we have
1

ax? + bx Y

B 1
x(ax+b)

thatis, c=0and6a+b=0 so b=—-6a.

Also, by symmetry, the maximum turning point

1 _1]
occurs at | 3,—— |. 9
9
o L1
9 3(3a-6a)
L
9 -9a
a=1
So b=-6

The answer is B.
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Question 3
Since the period of fis 7, we can eliminate options D and E which both have periods of 27.

For option A, f(x) = cosec[Zx —%) o) f[%j =42.

Since this function is defined at x = 7 we can eliminate option A.

For option B, f(x) = sec(Zx —%) ) f(%j =1

Since this function is defined at x = " we can eliminate option B.

The answer is C.

Question 4

The range of the function y = arctar(ﬁJ is ye (—g,g]
a

The range of the function y =2 arctan(fj is ye(-z,x).
a

The range of the function y = Zarctar(ﬁJ— bisye (-r—b,7—b).
a

The answer is A.

Question 5

Y
Draw a graph. *
A straight line through the points
(—1,7)and (1,0) has gradient = —% y= arccos(x)\ Tr

. . V4
and it's equationis y = —E(x -1)
T
.7 Bl i
y= —Ex + E y=—x+
This straight line intersects the graph . a pomt:oxf intersection)
of y =arccos(x) exactly three times -1 \
T 0T
with (O,zj being the third point of 2 2
2 (3 points of intersection)

intersection.
If this straight line is rotated anticlockwise

about the point 0,% , it will intersect

exactly three times with the graph of y =arccos(x) until its gradient is equal to the gradient
of y =arccos(x) at the point where x =0. When this is the case, they will only intersect once.

i.e. for y = arccos(x), v__-1
dx

1—x?

at x =0, ﬂ:—l
dx

T . . . .
So, for Y <a < -1 there will be three points of intersection.

The answer is A.
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Question 6
z = rcis(0)
1 1
() (reis(-0))’
cis(0) L ..
= m ie.cis(0) = cos(0) +isin(0) =1

= izcis(2t9)
r

=r%cis(20)
The answer is D.

Question 7

Arg(z) :% does not pass through the origin, it has an excluded endpoint at the origin.

For option B,
zz=1lletz=x+iy
(x+iy)(x—iy)=1
x* + y* =1 which is a circle that doesn't pass through the origin.

For option C

z+z=1
x+iy+x—iy=1

2x=1

which is a straight line that doesn’t pass through the origin.

For option D
|z—1+1i|=|z+1—i| which can be expressed as
lz—(1=i)|=|]z—(-1+1)|
This defines the perpendicular bisector of the complex numbers 1—iand —1+i which is the
line y=ux. Im(z)
A y=x
—1+i

» Re(z)

*1-i

Alternatively, |z—1+i|=|z+1-1i]
|x+iy—1+i|=|x+iy+l—i|
JE=12 +(r+1)? = (x+1)? +(y—1)

X2 2x+14+y 42y +1=x+2x+1+y? =2y +1

—2x4+2y+2=2x-2y+2
4y =4x

y=x
The answer is D.
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Question 8
2> =43 let z = rcis(6)

(rcis(9))’ = \/gcis(%j
ricis(360) = \/gcis(%j (De Moivre)

39:%+2kﬂ, keZ

2k
+_
3

So, 9:% whenk =0

o==
6

9=£+2—” when k =1
6 3

Sz

"6
_r_ 2z when k =-1
6 3

- 7T

2
The solutions will start to repeat with other values of k.

The three principal arguments (i.e. where — 7 <0< ) are _Tﬂ,f and S?ﬂ
The answer is E.

Question 9

The coefficients of each of the terms in the equation are real therefore we know that the roots
appear in conjugate pairs (conjugate root theorem) with the odd root out having to be real.
Only option C shows three pairs of conjugate roots and one root on the Real axis of the
Argand diagram.

The answer is C.
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Question 10

Method 1 — using CAS

J- sin®(x) dx = X _ sin(x)cos(x) +c
2 2
_X_ sin(2x) te
2 4

1 1.
=—| x—=sin(2x) |[+c¢
[ psmeo
Method 2 — by hand
Isinz (x)dx = _[ [% —%cos(2x)jdx since cos(2x)=1-2sin’*(x) (formula sheet)

= %ja — cos(2x))dx

= l(x —lsin(2x)j +c
2 2
The answer is E.

Question 11

2 letu=2—x
[=DV2-xax du_
0 dx

andx=2-u

sox—1=1-u
3 Also,if x=2,u=0
u? —u? |du andif x=0, u=2
0

The answer is A.

Question 12

For option A, when x =0, % is undefined whereas on the graph, the gradient is zero.
X

For option B, when y =0, % is undefined whereas on the graph, the gradient is defined
X

along the x-axis.

For option C, when x =0, % is undefined whereas on the graph, the gradient is zero.
X

For option D, when x is positive, d_y is always negative whereas on the graph when x is
X

positive, the gradient is always positive.
Option E is correct since for x =0, % =0, for x <0, Q <0 and for x > O,Q >0.
x

dx dx
The answer is E.
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Question 13

[ =1-x°
f'(x)zx—x—;Jrc
f0)=1

l=c

f'(x)zx—x—;Jrl

2 4
X

X
=——-"—+x+d
S(x) TR
The graph of y = f(x) will only pass through the origin if d =0 so eliminate option C.

Sketch y = f(x).

The case shown is for d =0.
Stationary points occur when f'(x) =0.

Solve f'(x)=0 for x using CAS x=2.1038.

This is the only solution so there is only one
stationary point and it is a local maximum.
This eliminates option A, B and E.

The answer is D.

Question 14

scalar resolute = u oV
1
~(i=2j-) s 2035k
AT .

:%(2+6—\/§)

4
The answer is C.
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Question 15

D

If ABCD is a parallelogram then
- o
AB=DC
- > - >
AO+OB =DO+0C
—2k+4 j+mk =-3ni— j+3i+5j+nk
4j+(m-2)k=3-3n)i+4 j+nk
So 3-3n=0
n=1
and m—2=n

m=3
Alternatively you could use

—> —
AD = BC
and use the same procedure.
The answer is D.

Question 16

The triangle of forces is shown below.

w\
6 N\ 05°

w75° 1IN T

Using the cosine rule,
F=~62+11>—2x 6 x11cos(105°)

=62 +112~132c0s(105%)
The answer is A.
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Question 17

Method 1
If particle 4 is to be due east of particle B then the j components of vectors a and b will be
equal.
That is, (+2=¢" j
t—t-2=0 BA 4
(1=2)(1+1)=0 o
t=2 -

Confirming this, at t=2,
a=5i+4j andb=-2i+4j.

\S]
b
v
1~

At t=2, the positions of particle 4 and B are shown and 4 is due east of B.
The answer is C.

J
Method 2 — trial and error
Att=0, a=i+2j and b=0i+0 oted
J J X >
A is clearly not due east of B. B ‘ I B
J
Att=1, a=2i+3jandb=0i+j y
J J 3l .
A is again clearly not due east of B. 1|42/ B > i
/
Atr=2, g=5£+4! and 13=—2£+4Z B'4} oA
Soat r=2, A4 is due east of B. , Ly
The answer is C. -2 ‘ 5 -
Question 18
Method 1
y=0__y

The normal passes through P(x,y) and («,0) and has a gradient of .
X—a x-a

So the gradient of the tangent at P(x,y); that is, % = _[x —a j
x y

dx y
The answer is B.

Method 2

The gradient of the normal is —% and it passes through the point (a,0). The equation of the
y

normal is therefore:

y—Oz—@(x—a) x—a:_Q
dy y dx
yo_ e b x=a_,
xX—a dy dx

The answer is B.
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Question 19

=~ 7 (a= v? from formula sheet)

3132
7=
y
3 2
R )
dx % x
dv_ (P -1)
dx v?
v (v -1)?

Method 1 — using CAS
-1
x=—7F——+c
3(vi -1

Method 2 — by hand
[l

x= udv u=v>-1
v
:lju_zdu @:3‘)2
3 dv
=—u'x-1+c
3
-1
=———+c
3(v -1

When v =0, xz%

l=_—+c so ¢=0
3 -3
=1
3(v? - 1)
3x(v —1)=-1
v3—1=_—1
3x
v3=_—1+1
3x
v_33x—1
3x

The answer is D.
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Question 20

Let the reaction of the base of the crate on the load be N.
R=ma

(N—240g)i =240x5i

So N-240g=1200

N =1200+240g 240¢g
The answer is E.

<+—> =
-~

Question 21
u=0, vi=u®+2as
s=50 144 =36+100a
v=12 atz2
25
a="?
|F| = md]
|F|=5x 22
25
_z
= 5.4 newtons

The answer is B.
Question 22

During the first five seconds the particle has a positive velocity so it travels

%x2x 3+2x 3+%x 3:10% units to the right.

During the last five seconds its velocity is negative and it travels% x1x34+3x%x3 +% x1x3=12
units to the left.
It ends up 1% units left of its starting point.

We are told that the particle is initially 2 units from the fixed point. This means it could have
a possible displacement from this fixed point of 2 or — 2.

A possible displacement from the fixed point could therefore be —3.5.

The answer is A.
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SECTION 2
Question 1 (11 marks)

a. xy—x>=2
Method 1 — using implicit differentiation
Xy — x> =2

1><y+xﬂ—3x2=0
dx

xﬂz 3x? —
dx

Y

3
:3x2—(2+x j since xy=2+x"

X

2 2+x°
2 2 y:
X X

So

(1 mark)
Method 2

xy—x>=2
xy=2+x"
y=£+x2
X
=2x"'+x?
dy

= ox?42x
dx

-2
=—+2x
2

So & =2x —% as required.
dx X

(1 mark)
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b. xy—x3:2
2
y="+x’
by
y
A
31 /
==+x ;
y=1 (1.3
y=x2
> X

The y-axis is an asymptote.
Also, as x — o0, y — x* so y = x” is a curved asymptote.

As x — —o0, y — x” from below.

As x — +w, y — x° from above.

x-intercepts occur when y =0

Solve O:£+x2 for x

X
x=-A2
~-1.25
. . dy
Stationary points occur when d_ =0
X

Solve 0 =2x —% for x  (fromparta.)
X

x=1
so y=3
(1 mark) — correct shape including acknowledgement of both asymptotes
(1 mark) — correct x-intercept
(1 mark) — correct stationary point
c. & =2x —% from part a.
dx X
d*y 4
=2+—
dx? x?

(1 mark)
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d. If there are 3 points on the graph of f where the gradient is m, then there must be
3 solutions to the equation % =m.
X
dy
Sketch the graph of y = o on your CAS.
X
LI
dx
A
//
; > X
//
C¥2.-332);
//
/ d
7, _y =m
) \ ’ dx
,l
dy 2 . . dy
An example of where the graph of o 2x —— intersects with the graph of o =m
x X x
three times is shown above.
2
The stationary point on the graph of y = & occurs when % =0.
X
Solve 2 + % =0 (using part c.) for x
1
x=-23 (1 mark)
1 1
When x=-23,% = 3x23
dx
_ _3{5 (1 mark)
So, there are three points on the graph of f'where the gradient is m if m < -332 .
(1 mark)
2
e. i volume = ﬂ'J. y2dx

1
2

1

Using CAS, volume equals %

332
:ﬁj%dx since y =

24+ x°

X

(1 mark)- correct integrand
(1 mark) — correct terminals

cubic units

(1 mark)
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Question 2 (12 marks)

ii.

z =1+ \/gi
Arg(z,)=tan™ (TJ

V3

3
zZ, = 2cis{ij
3
6
(z,)° = (20is{%D

= 64cis(—27)

= 64(cos(0) +isin(0))
=64(1+0i)

=64

(1 mark)

So z, is a sixth root of 64.
(1 mark)

The six roots of the equation z° =64 lie on a circle with centre at 0+0i and a
1

radius of 646 =2. They are spaced at intervals of 2—67[ zg apart.

Since z, = 2cis(§j and z, = Zcis(%j are both roots, the other four roots

will be located at 2cis(27ﬂ} 2¢is(0), 2cis( Z”J and 2cis(7).

(1 mark)
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Method 1
|Z—1—2i|=|z—l|

|x+iy—1—2i|=|x+iy—l|
(x=D+i(y=2)| =|(x=1)+iy] (1 mark)
VE=D?+ (=2 =y(x=1)* +)”
(x=1)*+y>—dy+d4=(x-1)*+)*

—4y+4=0
y=1 (1 mark)
Method 2 Im(z)
|z -1 —2i| = |z - 1| can be expressed as A
z—(1+20)=|z—(1+0) (1 mark) o 112
This defines the perpendicular bisector y=
of the complex numbers 1+ 2i and 1+ 0i 1 > Re(s)
which is the line y =1. 1 mark o 1 " RelZ
Y ( ) "o
Now Arg(z) = Arg(z,) =% (from part a.)
So, tan”! [XJ -
by 3
m@}z
3 by
N
X
y=+/3x (1 mark)
. . . 1
Since the Cartesian equation of Lis y =1, we have 1= \3x s0 x= ﬁ .
The point of intersection is (%,IJ. (1 mark)

{Z:Arg(z) :%, zeC}

{z:Im(z)zl,zeC}

3 > Re(z)

(1 mark) — one correct graph (1 mark) — a second correct graph
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f.
{: Arg(2) = Arg(z)), € C}
~ {z:Im(z):l,zeC}
5> Re(2)
|:| region required
boundary included
e

(1 mark) — correct shading

2.

{z tArg(z) = Arg(z), z € C}

f:Im(z)=1,zeC}

3 » Re(z)

|:| region required

boundary included

Note that point 4 is the point [L,IJ from part d., and point B lies on the line y =1

V3
and the circle x> + y> =4 sox = V3 and Bis the point (\/5,1).

Method 1
shaded area = area of sectorOBC —area of AOAB

:%Xﬂ'xf —%xOAxOBxsin(AAOB) (1 mark)

_z_ L square units (1 mark)

343

© THE HEFFERNAN GROUP 2014 Specialist Maths Trial Exam 2 solutions



17

Method 2 — using calculus

Note that point C lies on the line y = \/3x which was found in part d.
1 V3
shaded area = J.(\/Ex —1)dx + I(\/ 4—x? —1)dx ( Imark)
1 1
-

= ? square units  (using CAS) (1 mark)

3

Question 3 (12 marks)

— — -
a. AB = AO+OB
— —
A0 =-04
= ~(-2i+2))
=2(i- )
.
OB =5i-5]
=5(i- )

Since A0 = %O_é, A0 and OB are parallel. (1 mark)

Since 40 and OB are parallel and share the point O, then the vector AB passes

through the origin.
(1 mark)

— — —
b. AD = 40+ 0D
=2i-2j-4i-2]
=24
- - -
CD=CO+0D
= 4it6j-di-2
=-8i+4j (1 mark)

— —>
ADeCD =(=2i—4 j)e(-8i+4 )

=-2x"8-4x4
=16-16
=0

So AD is perpendicular to CD. (1 mark)
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AD=-2i-4j from partb.
— — —
AC = A0+0C
=2i-2j+4i-6]

=6i-8;

| AC |= /36 + 64

10
A% —i(6i—8 /)
10 ~ /
L.,. ..
:§(3£_4!) (1 mark)
The vector component of AD parallel to AC s given by
ADJAC |AC
P SN
=1(2i-4))ecGi=4NIZBI=4))

—6+16 1
= x=(3i-4j
s 504

~2(3i-4))
(1 mark)

The vector component of AD perpendicular to AC s given by

A N

AD—(AD+ AC) AC

= —i(4 i+3))
5 ~ ~
(1 mark)
If you have time, check your answers, i.e.,

2 4
ZBi-4))-—(4i+3j
5( i-4)) 5( i+3))

=-2i=4;

=AD
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d. A_é:6£—8jandA_b:—2£—4j from part c.

|Az'|:10 from part ¢. and |AB|:\/4+16 =25

- - - >
ACeAD = |AC||AD| cos(£CAD) (1 mark) — use of scalar product

—12+32 =20+/5 cos(LCAD)
1

cos(£LCAD) =— 1 mark) correct answer
\/g ( ) W
- - - - - -
e. PC=PO+0C PD=PO+0OD
=—i+2j+4i-6j =—i+2j-4i-2j
=3i-4; =-5i

|PE|:«/9+16:5 |P7)| =5

- - - -
PC+PD =|PC||PD|cos(£CPD)
—15+0=5x5cos(LCPD)

cos(£LCPD) = —%

(1 mark)
1
Also, cos(£LCAD)=— from part d.
V5
cos(2x) = 2cos?(x) -1 (formula sheet — double angle identity)
So c0s(2 x LCAD) = 2cos*(LCAD) -1
2
1
=2x|—| —1
)
3
= 3 (1 mark)
Since cos(LCPD) =cos(2x LCAD),
then ZCPD=2/CAD
(1 mark)
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Question 4 (10 marks)
a. f(x)= arccos[lj
X

For f'to be defined, —1< 1 <lI.
X

Solving this for x, gives
x<-lorx2>1

ord, =(-0,~1]U[l,0)
(1 mark)

b. Use your CAS to sketch the function.

y
A
(=Lm)
‘J Tc
_moT Tt TTTrrr T  ——
- y=rf
: > X
-1 1
(1 mark) — correct endpoints
(1 mark) — correct shape and asymptote
g
c y =arccos| —
X
L = Il S x—x* (chain rule)
dx 1 2
)
X
B 1
1
2
1 [
x2
B 1
1
e e a)
X
B 1
x? ><|1| xyx? -1
X

as required

1
- |x|\/x2 -1
(1 mark)
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d. y= arccos(lj, x<—-lorx=>1
X
1
S0 — =cos(y)
x
and X = !
cos(y)
dy

Also —:;
" dx |x|\/x2—1

The differential equation given is

from part c..

sin(y)ﬂ =cos? (»)
dx

LHS = sin( y)ﬂ
dx

. 1 1
=S1n| arccos| — | |[——F——
( (XDM\/)CZ—I
Vx? -1 1

X
] |x|\/x2 -1

(1 mark)

Let y' be a first quadrant
angle such that
cos(y')=cos(y).

vx? -1
X

sin(y') =

Since y is in the first or
second quadrant, ie

yel[0,7]\ {%} from

the graph in part b.,
sin(y) must be positive,
hence the absolute value
of x is needed in the
denominator, ie

x2 -1

sin(y) = 1=

(1 mark)
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e. sin(y) & =cos?(y)
dx

dy cosz(y)
dx sin(y)
dx _ sin(y)
dy - cos*(y)
. :_[ sinz(y) y (1 mark)
cos” ()

= j——-u’zdy where u =cos(y)
du .
B — =—sin(y)
Iu du dy
x=u+c, ¢ 1s a constant

1

cos(y)
1

- cos(y)

+c

1
cos(y)=——-
X

1
y= arccos( j
xX—c

(1 mark)
f. sin(y)ﬂ =cos’(y)
dx
dy _cos’(y)
dx  sin(y)
V4
xO = 2’ yO :E
cos?| ~
1 V4 (3j
X =2 +E’ = §+E X—” (Euler’s method — from formula sheet)
sin| —
5
1 7 1.1 43
= 2— =4 —X—+—
2 3 2 4 2
_r, 1 (1 mark)
30443
cos” z+L
5 1 1 3 443
X, =—+—, Y, =—+ +—x
2 34403 20 (7[ 1 J
sin| —+
43
=3 =1.26531...
The estimate for y is 1.3 (correct to one decimal place).
(1 mark)
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Question 5 (13 marks)

a, (1) = [35 +20 sin(%)j P45t

. hY/4 Tt
r(t)=—cos| — |i+ 5]
N() 3 [12) /

r(12) ZS?ﬂCOS(ﬂ)£’+ 5j

_5”g+5j

2577
(12 ‘:
Fa2f=%

=7.2398

+25

The snowboarder’s speed is 7.24 m/s (correct to 2 decimal places).

b. From part a. 7(¢) = 5{00{%} i+5)

.. -572%  (xt).
F(t) = sin| — |i
~ 36 12 )~

.. 2574 . (7t
r(t) = simm | —
o )‘ 362 (12)

.. . . wt
This is a maximum when sin? (Ej =1.

(7t . (mt
sin| — |=-1 or sin| — |=+1
12 12

LT kg kez  ELoTiokn, kez
12 2 2 2
L:E+2k L

12 2 12

t=18+24k or t

1 =6,18,30,42,54,66....
or t=6+12k,keZ" {0}

=6+ 24k

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)
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c. Whilst moving up the launching pad the deceleration is constant with
u=172 Since v? =u? +2as  (for constant acceleration)
v=0 0=51.84+10a
s=5 a=-5.184m/s’
J .
N ‘R wi
Fr
30° mg
(1 mark)
R=ma
(=Fr—mgsin(30%))i+(N —mgcos(30°)) j=mai
So —Fr—%:ma and N —mgcos(30°)=0
—uN "8 — _5.184m N:@
2 2
\3mg m
—uxX2ME S5 184m (1 mark)
2 2
'\/gyz 5.184 %2 1
g
'\/gy _10.368—¢g
g
10.368 -
= 10368-¢
V3¢
(1 mark)
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d. After he momentarily comes to rest, the force diagram will be as shown:

IN yi

A/ Fr

30° mg

(Fr—mgsin(30°))i+(N —mgcos(30%)) j=-mai

8 a and N = _\/Emg (1 mark)
2 2
2

I 10.368— g o \/gmg

2 JV3g 2

g 10368-g
2 2
a=4.616m/s> down theslope
(1 mark)
e. At the top of the launching pad, the horizontal component of the snowboarder’s
velocity is 10cos(30°) = 5\/5 m/s.
Distance travelled horizontally =13.78m
time taken in air = 13.78m
5v3ms (1 mark)
=1.59117...s

At the top of the launching pad, the vertical component of the snowboarder’s velocity

is 10sin(30°) =5 with the vertically upwards direction taken as positive, the details of
the snowboarder’s vertical motion are:

u=>5
t=1.59117...
s="7?

a=-9.8

. 1
Since s = ut +Ea12

s =-4.45015...
(1 mark)
Let the length of the launching pad be /.
/= 4.45016 /
sin(30°) 4.45016
=8.9 m (correct to one decimal place) 30°
(1 mark)
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