Negp:

Trial Examination 2012

VCE Specialist Mathematics Units 3 & 4

SECTION 1

Written Examination 2

Suggested Solutions

-
o

—
-—

=[] [2]] ]| 21| ]| 21| [=]| ]| [=]| [=]
(=]} [=]| [=]| [=]| [=]|[=]| [=]|[=]| [=]|[=]| [=]
8| []| [o]|[]| [o]| | [~]| 8| [~]| | []

o]/ B\ El| [=]| | [=]| Bl|[=]| [=]|[=]| B
(]| [] | (]| B[] | [m]} [] | [m]| O[] | [m]

12 [a] [8] [c] [B] [€]
13 [a] [e] [c] [o] [E
4 [ [e] [c] [p] [g]
5 [ [8] [c] [o] [g]
16 [a] [e] [c] @ [E]
7 [ [&] [c] [p] [g]
1w [ [e] [c] [o] [E]
1 [a] [8] [c] [o] [E
20 [a] [8 [c] [o] [€]
21 [a] [&] [c] B [€]
22 [ [&] [c] [p] [E]

Neap Trial Exams are licensed to be photocopied or placed on the school intranet and used only within the confines of the school purchasing them, for
the purpose of examining that school’s students only. They may not be otherwise reproduced or distributed. The copyright of Neap Trial Exams remains
with Neap. No Neap Trial Exam or any part thereof is to be issued or passed on by any person to any party inclusive of other schools, non-practising

teachers, coaching colleges, tutors, parents, students, publishing agencies or websites without the express written consent of Neap.

Copyright © 2012 Neap  aen 49 910906 643

96-106 Pelham St Carlton VIC 3053

Tel: (03) 8341 8341 Fax: (03) 8341 8300

TEVSMUB4EX2_SS_2012.FM



VCE Specialist Mathematics Units 3 & 4 Trial Examination Suggested Solutions

Question 1 D
Using the Proper Fraction command with a CAS,

2
2x"—x+3__ 31 —ox_7
4 —X X—4

oblique asymptote occurs as X — e .. oblique asymptote y = —2x—7

Question 2 C
The ellipse has centre (-5, 3), a horizontal semi-axis of 5, and a vertical semi-axis of 3.

Therefore (X_?)Z L= * 1 becomes (x=(=5))* + v=3°_ 1

a b? 52 3?
225((X +5)°  (y= 3)2) =1
25 9

~(9(x +5)% + 25(y — 3)%) = 225 givesC.

Question 3 E

2 2
A hyperbola of the form X§— i/% =1 has x-intercepts of (=3, 0) and (3, 0), and therefore
domain xe R\ (=3, 3).

2 2
Trandating this hyperbola 2 units to the right, Q<__—£_)2)_ - %’(—3 =1 will givedomain

xe R\ {-3+2,3+2}, i.e.xe R\{-1,5}.

Question 4 C
Therange of y=sin"(x) is [—g g}

Therangeof y = asin_l(x) is [—g X a, g X a}

Therangeof y = asin_l(x) +cis [—%—t +cC, QZE + c} , which isequivalent to [

—an—2C an+2c}
2 ’ 2
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VCE Specialist Mathematics Units 3 & 4 Trial Examination 2 Suggested Solutions

Question 5 D

o Z_1as(=0)_ of 5 T il [T
If z=rcis(6), then - = —rus( o 2)—rC|s+[ (9+2)]

This represents a rotation of g(QOO) counter-clockwise followed by areflection of zin the real axis giving

aternative D.
Orletz=—a+bi wherea>0,b>0

.z _—a-—bi
_—a-bi |
i i

=ai—-b

Im(2) y Im(2) )

>

So » Re(z) becomes

o) > Re(2)

Question 6 C
If 2= ai

5__ . (X

Z—aClS(Z)

zz%cis(l‘-+2l<l‘),k=o,1,2,3,4
0 5

=%.Ci8(£ or 28 o I o 132 @)
10 10 10 10 10

:%cis(% or g or % or % or —%n)

. . T T 9w
We require Arg(z) > 0. Thisleaves 102 10"
There are 3 solutions.

Question 7 D
Asall coefficientsarereal, z=1+i isaso asolution.
(z=3)(z—1+i)(z—-1-1)=0

Z2-57+82-6=0

23—522+82=6

Copyright © 2012 Neap TEVSMUS4EX2_SS_2012.FM 3



VCE Specialist Mathematics Units 3 & 4 Trial Examination Suggested Solutions

Question 8 E
|z—ail—|z+a =0
|z—ai|=|z+ 4

X+ (y—a)i| = |(x+a) +yil

e+ (y—a)’ = Jx+a)’+y
x2+y2—2ay+a2:x2+2ax+a2+y2
—2ay = 2ax

y=-X
i.e. astraight line through origin, gradient = -1

Question 9 D

Using the Algebra Solve command with a CAS suggests x = 0, g T, ‘% or 2r over xe [0, 2]

However, cos(x) #0
n _3n

.‘.Xié or 7

s X=0or mor 2r, which sum to 3.

4 TEVSMUS4EX2_SS_2012.FM Copyright © 2012 NEAP
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Question 10 D

N B
(04
a+| 1
oA
|
a
-~ |
| -
@) M >X
1

(i+) =lal==12+12=1

NE: J2

—> . — —>
Now OB=§+1:AB=1.Thus‘AB‘=1

Q:

- . - - H H
So triangle BOA isisosceles with OA = AB

. I 1 T
In triangle OAM, ‘OM| = ‘AM| = — , thus ZAOM = ZOAM = =
J2 4
So _3___7'C Vi =T =T
0= 1 , giving 2o 4:>oc 8

—| |
Using the sinerule, area OAB :%x ‘OA‘ X ‘AB‘ X sin(@) = %x I1x1x sin(%n) = %2

Question 11 C
Let unit vectorsin the East, North and up directions be represented by |, ] and k , respectively.

The resultant force, R, isgiven by R = 1200j + 500j + 1700k

Theforcein the horizontal plane, H , isgiven by H = 1200] + 500j

R-H

Theangle, 8°, isdetermined from cos(8) = |_Ii|—|T-|—|

R - H = (1200] + 500j + 1700k) - (1200j + 500j ) = 1200° + 5007 = 1300

IR| = /12007 + 500% + 17007 = 2140.9 and |H]| = +/1200% + 500° = 1300

2
Thus cos(@) = 1300 - 1300 , giving 6 = 52.6°
2140.9x 1300 2140.9

Copyright © 2012 Neap TEVSMUS4EX2_SS_2012.FM 5
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Question 12 D
a=4i+2j+4k andb=3i+2j +3k,s0a-b=]+k.

If the angle between a and a—b is &, then cos(@) =

(a-b)-a (i+k)~(4i+2j+4k)
|

a-bild 17,2 2 70 g2
cos(f) = 4+4 2[2
J2- /36 6[2 3
_ 2./2
B—arccos( 3 )
Question 13 E
= tan(9) = 32‘ sec’(0) and y = tan(26) = gg = 256c%(26)

dée
Hence &Y = ¥, 99 _ 5502 29
enceOIX d9 Ix sec( ) X 2(6)

2
Thus &Y = A—ZCOZS 9)
dx  cos?(26)

dy _ 2COSZ(%:) _ 2(—{2’)2 _ g 6
d cosz(g) i

6l

So the gradient of the normal equals —%

At =T,
6

T _ Ty _ 1 _ T _
H—E,X—tan(G)—ﬁandy—tan(S)—ﬁ
The equation of the normal isy — Jé———(x——l— :y=—1x+-—1—-+ﬁ
6% /3 6 6.3

Multiplying both sides by 18 gives

18y =—3x+ 8 +18./3,i.e. 3x+ 18y =19./3
6./3

6 TEVSMUS4EX2_SS_2012.FM Copyright © 2012 NEAP
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Question 14 A

T
4
C05(2X) dx can be simplified in anumber of ways, but the denominator in the alternatives suggests

o J1+2sin(2x)
J1+uor J/1+2u where u=sin(2x) or u=2sin(2x)

Let u=2sin(2x) = du=4cos(2x)dx when x=0,u=0,x==,u=2

n T 2
4 E 2 4
Thus COS(2X dx becomes i j Acos(2x dx = 1 du
0

1+ 2sn(2x) Ji+2sn2x) 4 i+

Question 15 A
Motion downwards is treated as the positive direction.

900g — 8550 = 900a

a=0.3m/s’

T T'=8550

Ja

I
l 65g

835¢g

Now consider the girl of mass 65 kg having a reaction force R exerted on her by thelift floor:
659g—-R=65x0.3
R=6175N

Copyright © 2012 Neap TEVSMUS4EX2_SS_2012.FM 7
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Question 16 D

Let £(t) = 2i + ] — 2k, which gives £ (t) = 2tj +tj — 2tk + ¢,

ASL(0)=4i—], G =4i—], 0 [()= (2t+4) + (t-1)] ~ 2tk
2
to =@ +avi+(5-t)j -+,

2
Att=0,r=0,s0¢,=0,giving [(t)=(t2+4t)1+(t§—t)j —t%k

[(4) = 32] + 4] — 16k

The distance the object isfrom O is |r(4)| = 32% + 4%+ 16°= 36

Question 17 A

The formula sheet gives the volume of apyramid as V = %Ah .

The cross sectional area, A, isfound by using the sinerule, Area= %bcsin(A) , as each face of the

tetrahedron is an equilateral triangle of side L.
1o, oo 12 J3_./3L°
ThusA—ZL sin(60 )—2L X > =2

2 3 3
velanol, BL 6L _ /8L _ J2L
37374 T3 T3 12

odl_dL dv
Wereqwrea—dvx ot
dv_.2L7_dL__4

dL __4 % 6= 24

dt ﬁLZ B ﬁLZ
2
If the areaof afaceis ./3 cm? then /3 = @TL =L=2

Now

8 TEVSMUS4EX2_SS_2012.FM Copyright © 2012 NEAP
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Question 18 A

Using the Euler approximation y,,,; =y, + h%Y
X

wehavey; =y, + hdy

X=X, dx E

=dy

Now y,=f(4)=1, h=-02, ¥ Y
X=X1

dx
Thusy, =1+ (-0.2)(-1)=1.2

=f’(4) =-1 using the graph.
X=4

Since f’(x) isdecreasing near x = 4, the graph of y = f(x) must be concave near x = 4, meaning the

tangent line drawn from x =4 must lie above the graph of y = f(x) , as shown below.

>‘§ tangent

curve

Thus the Euler approximation to f(3.8) overestimates the value of f(3.8).

Question 19 E

The statement |v(t)| # v(t) impliesthat for some of the time, the body has a speed which does not equal its
velacity. Thus the particle for part of the timeinterval [0, 20] is travelling with a negative velocity.

20
So J‘ v(t)dt represents the displacement of the particle over the timeinterval [0, 20].

0

Note that in alternative B, the position of the particle at t = 20 represents its displacement from the origin.
The particle cannot be assumed to have started from the origin.

Question 20 B
Givend—\—lzl—(,then?,:l—(:k:?;sothatd—\-/zg’
dt v 1 dt
dt _v_ o [vg oV
av 3T |3=gre

2
Using initial conditions, t=0, v=-2, c:—2,thust:%—2:>v2:6t+4

v=1%,/6t+4, asinitial velocity isto the left.
sV=—/6t+4

Copyright © 2012 Neap TEVSMUS4EX2_SS_2012.FM 9
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Question 21 D

Asthe acceleration is constant, s= ut + %at2 gives 3= %a(zﬁ;)z = a=

NI

equations of motion:

Zg—T:2><%:>T:29—1

L Toyg+t
T—xg—xx2:>T—xg+2x

ThusZg—1=xg+%x:4g—2=2xg+x

. _ _2(2g-1)
~2(2g-1)=x(2g+1 =£e0-2)
(20-1)=x(29+1) = x 20+ 1
Question 22 A
h
V
beacon

|
@)

Applying Newton's second law:
The resultant force is in the opposite direction to the motion and

F et = — 259 — 25KV = —25(g + kV?)

Using F = ma we get —25(g + kVZ) =25a

Thus a=—(g +kV?) :v%:—(g+ kv, i.e. vg—\# kv?+g=0

1 0 TEVSMU34EX2_SS_2012.FM
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SECTION 2
Question 1
a i p(2)=Z-2(1-./31)Z—4(1+ .J3i)z+8
p(2) =8-8(1—./3i)—8(1+./3i)+8
Sop(2)=8-8+8./3i—8-8./3i +8=0 Al

ii.  Using CAS, IZ’(—Z% =7 4+2 37

Thusb=2./3i and c=—4 Al
iii. By completing the square, 7+ 2./3i —4 =0 can bewritten as

2+ 2./37i +(J3) =4+ (f3i) M1

Thus (z+ /3i)° =4+ 3i%=1, givingh=/3i and k=1 Al

Solving (z + ﬁ%i)zz 1=z+./3i=+1

Thus z=+1 - ./3i which givesthe 3 solutionsto p(z) =0 as

2,=2, 2,=1-./3i, zz=—1-./3i asrequired. Al
V. |z =z =25 =2 Al
b, . 2, = 2cis( -2 Al
3
ii.
Im(z)A

. <ol A M=(z,)
=21 \ 2
N:(Zz) \\
\
J/ 34 \
pointsin correct position Al
correct labelling Al

Copyright © 2012 Neap TEVSMUS4EX2_SS_2012.FM 11



VCE Specialist Mathematics Units 3 & 4 Trial Examination Suggested Solutions

c. NP=OP-ON=2j—(-i—3])=3i+.3

OM =j - /3] Al
NP - OM = (3i + 4/3]) - (i—+/3)) =3-3=0 M1

Thus the diagonal s of the quadrilateral ONMP are perpendicular.
Also, as ONMP is a parallelogram, and its diagonals are at right angles, then it is arhombus. Al

Question 2
a. 0,2 Al

b. Asymptotes (y —k) = ig(x— h)

Here (y+1) = ig(x -0

2(y+1)=3xor2(y+1)=-3x M1
3X—2y=20r 3x+2y=-2 Al

two asymptotes shown with x = —% and x = g as the x-intercepts Al
. Y2
c. V=n| X dy M1
-
.10 5
= (4(%&—1))@ M1
)
=506 mL Al
d. mass of aglass = 2.5 x volume of glass
10 10
= 2.57{ j (g%z)zdy— j 4(§11“§—1)-2 - 1)} dy M1A1
0 2

Copyright © 2012 NEAP
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VCE Specialist Mathematics Units 3 & 4 Trial Examination 2 Suggested Solutions

Question 3
a. i. V(12) = 12 960x Al
time to fill = 12.960m _ 54T ) o Al
6000 25
ii. Using the chain rule
dh _ dh dv
. dv pm and V= n(6h + 216h)
a1 6000 since ¥ = (18 + 216) M1
dt ~ r(18h? + 216) dh
_ 1(2)00 Al
3n(h"+12)
dh _ 125
Ath=6, '3t 18n m/hr Al
: dh_dh dv
b. i. T dv X = at M1
_ 1 y —-367
n(18h%+216) ./h
- =2
Jh(h? +12) Al
ii. Usmg ﬁ(h +12
dh -2
! 2
inest:j Jheh 2* 12) dn M1
12
_4128./3-29
7
=1017.27 hours Al
Question 4
a. Terminal velocity isfound by solving 0.3v* +80=120% 9.8 M1
Solving on CAS gives v = 60.4
So the terminal velocity of Melanieis 60.4 m/s, correct to one decimal place. Al

Copyright © 2012 Neap
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VCE Specialist Mathematics Units 3 & 4 Trial Examination Suggested Solutions

b.  Applying Newton's second law we have
ma = mg — (0.3v> + 80)

0.3V +80

a=
g 120

2
Thus W =9g- Y _2
at 2003

2

:(4_9 2)_ v
5 400

2
Asrequired, dv_137 v

dt ~ 15 400

2
C. i Using gy:l:ﬂ——v——.UsingCASWehave

dt 15 400

Thus 9t = 1200

dv  10960-3v?

dv _ 10 960 — 3v*
dt 1200

_ 150 10 o2 125
v =150 km/h —150><36 m/s = 3 m/s

125

3
The required definite integral is t = J 1200,

10 960 — 3v*

ii. Evaluating the integral above using CAS t = 5.604
Melani€'s panic set in after 5.6 seconds.

g dv_137 vZ _ 10 960 — 3V

dt 15 400 1200

dv_10960—-3v° _ dv _ 10 960 — 3
Thuswehave vy =200 ~dx_  1200v

60.4
dx___1200v  _ . _ j ey
0

dv  10960-3v? 10 960 — 3v? 97

Al

M1

Al

M1

Al

Al

M1

Al

1 4 TEVSMU34EX2_SS_2012.FM
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VCE Specialist Mathematics Units 3 & 4 Trial Examination 2 Suggested Solutions

e We need to solve %’ =-9.8-0.6v with v(0) =—-60.4, the velocity of Melanie at the instant the

parachute is opened.

dv dt 1 1
—=-98-06v=> —= =
dv . .
dt 0.6v+9.8 0.6(v+4—9)
3
o _ 1
Thisgives (-0.6t) +c= j dv M1
49
V+ =
3
- _ 49
i.e. (-0.6t) +c= Ioge( v+ 3 )
49 _ ~ o6t . _ —
v+ —==Ce and using v(0) =—60.4 we have C =-44.07 M1
— _ 06t , 49 : : : :
Thisgives v = —(44.07e + —3—) as the required approximate expression for velocity. Al
T
f. We need to solve j v(t)dt =— 3500 + 200Ioge(%)) M1
0
T
Using CAS to solve j —(49.07e‘°-Gt ¥ %9) dt =—2188 gives T = 129.46.
0
Thusit will take Melanie approximately 129 seconds to reach the ground from when the
parachute is opened. Al
g d—\—/=—kv—g:>g£-— 1
dt dv k(v N g)
Kk
1 L
t:—RIoge(v+E)+c, giving —kt+c:Ioge(v+E) M1
Thusv=Ce ™ - %
As v(0) = -50 we have v = (E _ 50) e —E Al
Ast 5 oo, v -9
k
Thisisthe velocity with which the parachutist is descending. Now g <55=k> %g Al

Copyright © 2012 Neap TEVSMUS4EX2_SS_2012.FM 15
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Question 5
a. y=2whenx=0
2
Thisgivesy = — se02 9,2 + tan(f)x + 2

2v
Atv=16,6=45 g=-98
2 o
y= 285 (;"5 X% + tan(45°)x + 2
2(16)

—49 2
Y= TagsX tX*2

Solving %x2+x+2:3

gives x = 1.04 or 25.0809

The point (25.08, 3) isinside the line segment y = 3 where 24.25 < x < 25.25

<

16sin(45°)

45°
16c0s(45°)

V= 1600S(45°)] + 168in(45°)]

=821 + 842

Al

M1

Al

Al

16

TEVSMU34EX2_SS_2012.FM
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C. i. a=0i—gj

o]
J-g dt

=yl +(C—gt)j

V(1)

M1
given v(0) = 8./2{ + 8./2j, ¢, =8./2and c,=8./2
y(t) = 8./2] + (8./2—gt)j Al
L(t) :J‘v(t) dt
=d, +8./21] +(d, + 82t ~2gt’)
2 M1
given(0)=0i+2] d;=0andd,=2
L(t) :8f2t1+(2+8f2t—%gt2)1 Al
i.  Solving 8./2t = 25.0809... M1
( = 25.0809..
8./2
25.0809 . 25.0809Y\) .
v =8.2i +(8/2—g =——
(B89 o+ 5.2 B2
2 25.0809)\ 2
- speed= vl = [(82)" +(8.2- g2 22
peed = y J 20|
=15.375
=15.4 m/s Al
Copyright © 2012 Neap TEVSMUS4EX2_SS_2012.FM 17
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