The Mathematical Association of Victoria

SPECIALIST MATHEMATICS 2012

Trial Written Examination 2 - SOLUTIONS:

SECTION 1: Multiple Choice

ANSWERS
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Question 1 Answer: D
For range [-2,6] the equation could be of the
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Question 2 Answer: E
2 2
y= 2x +6 _ X“+6 x%14
x*=5x+4 (x-1)(x—4)
2
Also, y = X°+6 SX+2 1

x* —5x+4 x*—5x+4
As X > 10, y>1

Therefore there are three asymptotes with
equations y=1, x=4 and x=1.
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Question 3 Answer: D
y =2cos(t) and
X =—2co0s(2t)

=—2(2cos’ (t)—l)
x =—4cos’ (t)+2

X=—y’+2
y2+x-2=0
‘EEERAEE)’ ‘sM.012
tBxpand(x=-2-cos(2 4]} x=2-4-(coslt))
x=2‘4'(005(f))2|c05(f}='§ )c:2—y2
|

2;9§|
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Question 4 Answer: C
Consider the (5, 12, 13) Pythagorean triangles
in the first or fourth quadrants.

J
13
12
A5 M .x
o
-12
13

hyp 13

sec , Where
(¢) adj 5

opp _ 12 12

sin —or —-—

$= ( ) hyp 13 13

Alternatively, solve the equation on CAS.

1445
o] ] e [ .
snlue(+ 1_ :
cos(sinidasy 57
{1212
1377 13
o
Al Standard Cplx Rad
Question 5 Answer: E
For the circle
2
(x—6)"+y*=1

Centre (6, 0) , radius = 1 and x-intercepts
(5,0) and (7,0).
SCOSl(X%ajzo, with x=5o0r x=7.

Hence a=-3o0or a=-5.

SECTION 1 Solutions - continued
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‘. 51 LR

solve (0 =oos"(%),a}pc=5

solve (0 =c>os"(%),a}|x=?

2739

¥ Edit Action Interactive

o] o] =S A G F

+ £
"2“:1,.::) =

{a=—x+21

solvelB=cos-1C

a=—-x+2| =3

a=-3
a=-x+2| =T

a=-3
0

Al Standard Celx Rad
Alternatively, use a graphical approach.

i -3.47
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Edit Zoom Analwsis #
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Question 6 Answer: A
f'(b)=0and f"(b)=0 does not necessarily

mean a stationary point inflectionat x=b;
consider a function such as f (x)= (x—b)4 to

illustrate the point. The additional conditions
given in options D and E also need be met for

f'(b)=0and f"(b)=0 tosignifya
stationary point of inflection atx=b.

Question 7 Answer: B
The family of functions could be of the form

a
y=—+c,where ceR.
X
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The DE giving rise could therefore be

% = —%, because
X X
y= —af X2 dx

. a
y=ax'+Cc=—+cC
X

SECTION 1 Solutions - continued



2012 MAYV Specialist Mathematics Exam 2 - SOLUTIONS Page 4

Question 8 Answer: C [ Edit Action Interactive
Euler’s method: ., =y, +h f (x,), where el dles il 4
u ' yn+l B yn n/’ relEira -
1 i re(zl
h== x,=1and y,=-3. i (2 3%h _
5 0 0 itz
Ca+bi r+conjglatbi )
y1:y0+hf(xo) . Zerelz)
1
Y, = —3+§><1>< log, (1) =-3
y,=y,+hf(x)
y, =—3+ 1>< 6 log 6
’ 55 (5 Ll
6 6 Al Standard Cply Rad
y,=—log,| = [-3 Question 10 Answer: A
25 9) .
u=+3-3i
= T
Arg(u®)==
3
© Check answer using "Euler" function '. ERl b +Sh 2012 =
I =
euler(x-ln(x),x,y,{ 11}31) Define w=\3 -3¢ Dane
5 5 5
angle(y ) R
{1.0000 1.2000 1_4000] 2
-3.0000 -3.0000 -2.9562
| @ Alternatively
il
299 25 1443 +432+4
(¢ Edit Action Interactive o432 £
0.5 1 [id= = T tan J_ > |
] [ ¥ 1443 5
-Gt 1T arEln ) | =lra | 55
a+1f5><x><1n':x>|x=6x’5$-;3 ¥ Edit Action Interactive
~g B (NS N(2)) ] ] i b
judaet 2 1nc £ y-g=—a+ E2L W3 -wisu 1
51 g —Feitf3
TRUE =5
_3+6-(—1n(5)+1n(3)+1n(2)) argfe s
23 b
=2. 956242826 - 3
) ] cExpandia2sx
=1lni=1-3
el 1443 +432-i
—2.956242826 i€
0 tan-1{ ——=
relx)
- pus
3
Al Standard Celx Rad 0
Question 9 Answer: B =
4. a-bi a’-p? 2ab . Ala _ Standard Celx Fad
L P aibi ab alibl .
: Question 11 Answer: E
Defins z=a+b-i Dong & W= (\/5) C|5(6_7[)
© Option & 15
z+conjlz) 2a W= (\/5)6 cis _6_72'
& Option B 15
-1 : 2_,2
z 'COHJ[Z) a“-b 2ab _ . 272'
> 2_ ] K W=27CIS(__J
a“+b* a“+b 5
—jl v
2%
1Y
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Question 12 Answer: C _
If the circle were centred at the origin, the Define m=[4 5 -3 Done
fegion WOUId be Defins n=[2 -2 1] Dane
{Z . |Z| > 4} dotP(m,unit\/‘(rg)) -5
3
Since the circle is centred at 1—1i, the region is |
{z:|z-@-1)|> 4}, or
{z:]2-1+i]> 4}
hs]
A [[%¢ Edit Action Interactive
Question 13 Answer: D O ] [ >
[4 5 -3 ]*m -
[4 5 -3]
[z -2 1]3n
[z -z 1]
dotP . unityY ina s
Define y=[1 2 -1] Dane —%
Diefine 'l-"=[‘2 -1 -1] Damne 0
_‘( dotP(y,v]l )
o8 dotP'(u,unitV(y))-dotP(v,unitV(v])
2
3
2799 Al Standard Cplx Rad =
¥ Edit Action Interactive )
R . Question 15 Answer: A
[1 2 -1]2u -
[1 2 -1]
[-2 -1 -1
[z -1 -1]
" dotPou,
SO TP Cay umitY (o T
0
i Cosine rule
R E T |§|2 = |i~i|2 +|b|2 - 2|§||Q|COS(7Z—¢9)
. But cos(z—8)=—cos(8), therefore
Question 14 Answer: B (” ) ( )
The scalar resolute of the vector /" =|a|" + o[ +2a|[p|cos (&)
m=4i+5]j -3k in the direction of the vector | |2 | |2 |b|2
= cl —|al -
n=2i-2j+k isgiven by cos(f)="—=
R 2Jal
m-A=-7
3 Question 16 Answer: E
2x°y —4y+x*-7=0.When x=1,y=-3.
dy —3x*—4x
dy By e qyo3 O
dx 2X°—4 dx 2
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™
-x-(3-x+4-y]
2122
solve(Q-x2-y—4-y+x3—'.?=0,y)|x=l y="3
o
2]

x(3x+47) pe=1and y=-3 =

2] 2

¥ Edit Action Interactive
o] o] =S A G F

2

Myt ytar 3 —7=pHS
{w=-3}

|ar=1] r=—2

SolveiZa

—AH (D a+d

ZCard-2y
3

z

Al Standard Celx Had

Question 17
u =log, (x)
du 1
dx x

When x=1, u=log,(1)=0
When x=e, u=log,(e)=1

Answer: D

xj_e M dx = Xje[(3|oge (X))2 x%) dx

x=1 X x=1

Question 18 Answer: C
At the instant the rocket runs out of fuel,

s,=hm ,a=-gms™, u=ums™

The rocket will reach maximum height when
v=0ms". From when it runs out of fuel to
reaching maximum height,

© The Mathematical Association of Victoria, 2012
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vZ =u’®+2as
0=u’-2gs,
u2
29
Total height reached

2
sl+52:h+l2J—g

_u?+2gh
29

S

Question 19 Answer: B
The magnitude of area under the acceleration-
time graph gives the change in velocity.

From t=0 to t =30, Av=30X3:45 ms™.

AV =V—-U

45=v -0

v=45ms™

From t =30 to t =60, constant velocity.
Therefore at t =60, v=45ms™.

Question 20
N
|

Answer: A

m

M|
mg

ma=T —-mg

T=ma+mg ... equation(1)
Ma=Mg-T ... equation(2)
Substitute equation(1) in equation(2)
Ma = Mg -ma-mg

Ma+ ma = Mg —mg
a(M+m)=g(M-m)

g(M—m)
M +m

a=

SECTION 1 Solutions - continued
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Question 21 Answer: D

dx

— =cos” ()

dt

dt

Rl 2

™ sec” (X)
t:J'secz(x)dx
t=tan(x)+C

When t:O,x:Z
4

c :—tan(z):—l
4

t=tan(x)-1

deSolve(f'=(sec(x):l2,x,f) - c'.'-cos(x:|+sin(x:'
coslx)
7- .
solve(f=M, CT)|I=O and x=£
cos(xj 4
cf=-1
2/a9
| ¥ Edit Action Interactive
o] fre] [ FEH ;—
dSDlve(t’=+2 » A3 p =
[ etul-Lar
{t=taniz)+consti1)1}
dolve(B=tanlz+o, a2 | x=%
{o=-1}
]
Alg Standard Cple Rad dmy] |
Question 22 Answer: C
120 newtons
f\l{
A
120sin(30)
pN< 30 .
120cos(30)
v
60g
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Since the velocity is constant,
120c0s(30") = ,u(GOg —120sin (30°))
Solve for x,

Ne

ﬂza

§62 71|51 |

solvel 120-cos(30°)=p-(60-g—120-sin(30°)) 1)

1799

[ Edit Action Interactive

] ] [ ¥
solvet 1Z2000s 038 == GEH &
=3

g-1

n=

A

AL Standard Cplx De

END OF SECTION 1 SOLUTIONS

END OF SECTION 1 Solutions
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SECTION 2: Extended Response SOLUTIONS

Question 1

a.l.
r=msin(2t)i+mcos(2t) j+ntk

f =2mcos(2t)i—2msin(2t) j+nk
F'=-4msin(2t)i-4mcos(2t) j

1A
1A

f - =-8m?sin(2t)cos(2t)+8m?sin(2t)cos(2t)+0

I-i'=0, therefore the vectors are perpendicular.

a8
[sin(2) mecoslzd) ni]-r %(r) [2mcosl2e) -2msin(24d n] &
e 2 [-amsin(24) -4mcosl24) 0]
i(r) [2'm-cos|:2'z] -2-pr-sinl2-1) ,rg] d_z(’) #1-5in mcos
ar »
& [-a-mesin(2:¢) -4mcoslzd) 0] 2 .
E(r) dotP E(r)'E(’)
- wl | i
o o

t]=fam® (cos* (2t) sin’ (21)) 1

t|=4m? +n?

s \/16m2 (sin?(2t)+cos®(2t))

|¥|=4m or—4m. Alternatively, |i|=4|m|

M

1A

Both magnitudes are independent of t and are therefore constant.

Page 8

[[% Edit Action Interactive
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L;—tEHth J
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n]

_;—tEEGDs(E-t)-m)
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d
_E(nj

a
C2ecos( 2t misEd—ds sin( 2 v
5]

=4 sin(Z-t)-m
—4.cos(2-t)-m

Note that m is a non-zero number, which could be negative. That is why the ‘—~4m’ solution needs to
be included.

| ¥ Edit Action Interactive

o] ] e [ .

dotP(%(?‘),unitV( 4 (r)D

ar

2
at

2
d—tr),unit‘v’
ar

dotP

T
'
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—4-cosl2-tl-m
(5]
2 cos( 2t miEd—d.sinl2

(2 cosl2. t)-mi|

|:—4-5in(2- tlem

=Z==in(Zt)m
Ln

rok

JOrZ 4. (ost2et)-m] 120
(=4« =in(2«t)-m :|

norms| —4-cos(2-t)-m

5]

\'IrlEu-Hc.Ds(z. Tl m|]2+16-( *
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(2mcos(2t)1—2msin(2t)j+nl5) 1A
r Edit Action Interactive | ¥ Edit Action Interactive
] ] [ P X 1 5] ] [ ¥
Le ] B [Zroos(2-t)-m le

.'IIIIE- [ |cns(2-t)-m|]2+15.|: ¥

i demZ4n?

¢
[P Zecos(Zetivm Z2-sinl2-tl-m
dmtn unith' | —2-sin(2-t1-m demZen?
2-m-cos{2-f}| -2-m-sin|[2-f]| 7 n A
J4m2+n2 J4-m2+rz2 J4-m2+n2 2-::-:15(2’- Adeenfur
Jn2l+a-lostz-12)2 - m? =
7699 —2-sint2 (@l[n[a[ife[<[o] [+ |x[y]z[e]+]
=K i =]
\'Ifln2|+4-|(cu:-sli2-t))2-m‘ % T .JE I: g : =
d [+
e | |58 ES 2 FERE
ne |+ [(cos(Z-t115am* —2]. |[e]lar=
S ) O =37 ver [
Ala Standard Cplxy Rad cm Al Standard Celx Rad

i,
Let 6 be the angle between the unit vectors f and k.
£-(0i+0j+k)=cos() 1M

__n__

The angle is independent of t and is constant.

cos(6) = 1A

For m=3 and n=-5, 90° <@ <180°
Solve cos(0) = ; for 6, 90° <0 <180°

4x3" +(-5)

1A
W Edit Action Interactive

o] rr] [ P B
_5 FY

solve(Cos(B )= ————————\
JaxaZec-s:

{B=—129. 3655711 +368- con ¥
[n]

6 =130 (to the nearest degree).
<)

i 9.1 |10.1] 11,7 LS

Dbl

D p|o°<a<180°
(-5)*

solve cos[&)=
4-32 +

§=2.26553

2.26553-180 129805

T

[

mth |abc | cat | 20
e oL ==E
<lel=71=]=]]"]
#]1 n[-J[4]5]&
an | bn | on [ 1]2]3
+1 +2 rSlué Bl.]|E|lan=s
TRIG |CALC | & YAR |EXE
AL Standard Celx De

=1
-

344

= o~

=

[ ]| 4]

F3 =
+
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Question 2
a.

S1

tp

Im(z) —"2

|z -2 <1
P Re(z)

Correct graphs 1A
Correct region shaded and labels shown. 1A

b.

13z=w7

13(x+yi)=w(x—yi), with x=-3 and y=2.
13(-3+2i) = w(-3-2i) 1M

13(-3+2i) . . . o N
W=W=5—12I (or equivalent expression, whether simplified or unsimplified) 1A

¥ Edit Action Interactive

clolvel 13+ 13y i=w i) wlp=3 and 3+ & |"Gala|ES il ¥
w=5-12- solvell3a+1 3y ismsl a— e
5 fw=5-12-43
@ Verify that this gives y = —gx o

cSolvel13-2c+13-y-i=w-lx—y- 1) p)pw=5-12-1

A

AL Standard Cplx Had
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C.i.
[x—2+yi|]<1 M

J(x=2 ‘ry?<l
(x»[ 2)° +y?<1 1A
The “‘method’ mark could alternatively be awarded for the student recognising that the region is a

translation of |z| <1, or the like.

ii.
See argand diagram above. Correct centre and shaded inside the circle. 1A

d.i.

Line joining the points with coordinates (—3, 2) and (2,0) correctly shown on argand diagram.
Gradient = —% and x-intercept at x =2, therefore 1M

y= —%(x —2) or equivalent form 1A

ii.

The minimum distance between S, and S, is the distance from (—3,2) to the point where the line
intersects the boundary of S, .

Using Pythagoras’ theorem 1M

Distance from (-3, 2) to the centre of the circle is given by V5% +27 .

However, since the radius of the circle is 1 unit:

Minimum distance = v/5% + 22 —1=+/29 -1 1A
Question 3
a.
d(f,(x)) _ - -
Solve for x, - 0 or use a graphical approach, or the like. 1M
X
Maximum value: a = 4.689 (three decimal places) 1A

Qi1 ]121] 131 [ERCOEREIE Al [ Edit Zoom fnalvsis ¢ |
[ [ e P (0
™

(4,4 683804)

. 4 4
-0 EE 1276
) I f1(x)={x4 e x=0
e
|
Max
xc=4 wyc=4. 6838035
[21=x"dr/e x| x2@ |
Fad Cple LT
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b.

Local maximum
(4, 4.689)
Local minimum
Endpoint (0, 0) .
0 asymptote: y=0
Correct shape 1A
Correct asymptote 1A
Turning point and endpoint correctly labelled with their coordinates 1A
c.i. and ii.
4
2 v\2
v :”,[ ((4-6888---) ‘(X4e X) ) dX  Correct region shaded: 1A
x=0
Correct integral with correct values 1A

.
V =175.466¢cm?®

‘- PER P 2012 Ana = W Edit Action Interactive
|
™ ([4.688804)2—(;‘1&1)2)(:13( 4 P
0 nxfm.eaaa —Car ek
5}
175 46622761074 175 466 175. 4657562

| 1]

2459

A1 Standard Cplx Rad =
1A
d.
I.
Solve for x, f."(x)=0. 1M
x =k £k
p:k—\/E and q:k+\/E 1A

Alternatively,
" (x) =X (% = 2k (K2 k) )e ™ =0
Null factor law: x=0o0r x* - 2kx+(k* —k)=0

© The Mathematical Association of Victoria, 2012 SECTION 2 Solutions — continued
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- 2|<+J4k22 4(k* k) 3”:()

M
2k £/4k
=———orx=0
2
x=k+~kor x=k—-+k or x=0
1A
‘- RN P 2012 Analysis? <= o] x| “ Edit Action Interactive
} h o ] [ Py
Define Ax)=x e ong —
2 =olve {ar £ —Dxkart (k2 —kd= o
solve(d—()‘{x:l)=0,xJ { ~ S Py - R
e w=k-— = ¥
x=0and i=0 or x=k—JE 01'x=k+JE —d. [kz—k]+4. kp
sim|:~1i1=5,l(k:——2
k=
. R (e
2790 =implify (k+ S
kbl
0
-
Hlg Standard Cplx Rad dm] |

ii.
Midpoint of PQ

:(k—«/E)+(k+\/E)

X, 1M
2

x, =X _ 1A
2

ii.

Maximum value of fk, k'(x)

fk (x) =kx"e" =0 1M

“le™(k—x)=0
x:O,k

For maximum, x =k =x_, as required. 1A

Question 4
a.

24 m

© The Mathematical Association of Victoria, 2012 SECTION 2 Solutions — continued
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R =ma for 20 kg mass: 20a=209-T ... €0. (1)
R =ma for 50 kg block: 50a=T -50¢ x%, or 50a=T-14¢ ... 0. (2) 1M

Adding equations (1) and (2),
70a =69

a=3—g, as required. 1M
35

b.
From equation (1),

20x29 _20g T 1M
35

T =209—12Tg

128¢g
—

T= 1A

C.

s:utjtlat2

720425392
2" 35

t= 490 ~ 4.08 seconds 1A

39

1M

d.

I.

The speed when the string first becomes slack:
v=u+at

3g 490
35 39

v~343ms™ 1A

=0+ 1M

ii.
The acceleration of the block just after the string becomes slack:

R=ma
7
50a = —50g x — 1M
25
a:—7—gz—2.74ms’2 1A
25

© The Mathematical Association of Victoria, 2012 SECTION 2 Solutions — continued
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Question 5
a.
dv _ mg —kv

dt m

t:mj( ! Jdv 1M
mg — kv

t= —%Ioge (Jmg —kv|)+C , where C is an integration constant. 1M

The absolute value is not required because m and k are both positive constants.

When t =0, v=0, therefore
0:—%Ioge(mg)+c

C=%Ioge(mg)

t:_%(loge(mg—kV)—|09e(mg))

t:—mloge(mg_k\/j
k mg

k
_kv=mgxe ™ —mg

_k
V= %Kl—e mt} , as required.

‘.m EAN > 2012 Analysis2 =

m - In(lkcv—g =)
v R e Al
rg—kv k
gk &
deSolve(v‘=M,f,v) I -
" v=cte ™ +£0
E
X

b.
k
v(t):GOTg[l—e_Sot]

When t =10, v=475
Solve for k, v(lO):47.5 1M

k=10

© The Mathematical Association of Victoria, 2012

1M

1M

| W Edit Action Interactive
o] fe] [ FE B
D il
m
j\ dur
mig—kxL
n|
== 1Nl g=rm—k=w)

k
=g =k
m

d5olve = Al

1
omaenr ¥ )
(ger—k-w)® =const(1)-&
[u]

A [

Al Standard Cplx Rad

Page 15
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solvelu(10)-47 5 k7)jg=5 8 k1=10.0667

[u]

2/99

461 |71 |72 | ENEY ™ Edit Action Interactive |
0.5 1j)d= = '|'1
kit Done wdlésie v %
Define Wf)=22E |1_¢ 0 669, 5 -
i1 Cefine v{t)=T'{1—e

solwe (vl 182=47. S, k2]
| {k=10.BEET2Z2T1

dane

bl

Ala Standard Celx Fad dm]

C.

v(t)=6g (1—e_‘t3J

t
Ast—>o, e —0,v(t)—>6g

1M
Terminal speed = 6g ~58.8ms™
Percentage of terminal speed = 47': x100=81% 1A
d.
dx -
—=6g|1l-e*
Gi-so(e)
10 ot
x:6gj[1—e dot 1M
0
x =302
Distance is 302 m. 1A
W Edit Action Interactive
10 301.835 o] ] [ b ¥
z e _r -
6g (l—eé)df|g=9_8 Eixg.sja\l—ﬁ Gdt
0 3818353127
[u]
1793
Al Standard Cplx Rad =
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SECTION 2 Solutions — continued



2012 MAYV Specialist Mathematics Exam 2 - SOLUTIONS Page 17
€.

I.

After the parachute opens,

vt:%:G,and m =60

Solve for k, GOTg =6 1M

k =10g, as required

ii.
t seconds after the parachute opens,

k
v=Ae m + 9
K
_10g %8
v(t)=Ae o' +60_g: Ae © +6
109
When the parachute opens, t =0and v=47.5
v(0)=475
475=Ae’+6 M

A=475-6=415

iii.
k

v=Ae m + 9
k
dX 98

== 4156 © +6

98
% — 4156 ® +6 1M

After the parachute opens, Yun falls for a further 110 seconds (2 minutes — 10 seconds)
110 98

x= | [41.5e60t + ej dt = 685.408... 1M

0
The distance that Yun falls after the parachute opens ~ 685 m.

Total distance from the balloon to the ground
685.408 ... + 301.835 ... =987 m (correct to nearest metre) 1A

END OF SECTION 2 SOLUTIONS

© The Mathematical Association of Victoria, 2012 END OF SECTION 2 Solutions



