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2011 SPECMATH EXAM 2 2

SECTION 1

Instructions for Section 1

Answer all questions in pencil on the answer sheet provided for multiple-choice questions.
Choose the response that is correct for the question.

A correct answer scores 1, an incorrect answer scores 0.

Marks will not be deducted for incorrect answers.

No marks will be given if more than one answer is completed for any question.

Take the acceleration due to gravity to have magnitude g m/s?, where g = 9.8.

Question 1

2x3 +x2 -1 .

The number of straight line asymptotes of the graph of y=——"—is

A

B.
C.
D
E

x2—x=2

0

1
2
3
4

Question 2
A circle with centre (a, —2) and radius 5 units has equation

x% — 6x + ) + 4y = b where a and b are real constants.

The values of ¢ and b are respectively

A. -—3and38
B. 3and 12
C. -3and-8
D. -3and0
E. 3and 18
Question 3

The implied domain of the function with rule f(x) = b + cos™ (ax) where a > 0 is

O

o

|

|
Q| Q| = le\

S

Q| Q| =
| I

|

SECTION 1 — continued
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Question 4
(y+3?  (x-6)
4

The hyperbola =1 has asymptotes given by

A. =+t—x
Y 2

2 2

B. =—x—7 and y=—=x-7
773 73
2 2

C. =—x—7 and y=—=x+1
773 773

D. y=%x—12 and y=—%x+6

9 33 9 21
E. y=2x-2and y=—2x+2-
PTG T YT

SECTION 1 — continued
TURN OVER
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Question 5

A certain complex number z, where |z| >1, is represented by the point on the following argand diagram.

ing)

> Re(z)

All axes below have the same scale as those in the diagram above.

The complex number é is best represented by
z

A.
o
0 > Re(z)
C.
)
0 - > Re(z)
E.
)
0 > Re(z)

B.

)

0 > Re(z)
D.

)

0 > Re(z)

SECTION 1 — continued
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Question 6

The polynomial P(z) has real coefficients. Four of the roots of the equation P(z) = 0 are z=0,z =1 - 2i,
z=1+2i and z=3i.

The minimum number of roots that the equation P(z) = 0 could have is

A

B.
C.
D
E

4

o N o O

Question 7

In the complex plane, the circle with equation | z — (2 + 3i) | = 1 is intersected exactly twice by the curve with
equation

A.

B.
C.
D
E

lz—=3i|=1
|z+3|=|z-3i|
|z—=3|=]z-3i]
Im(z)=4

Re(z) =3

Question 8

On the argand diagram below, the twelve points P;, P,, P, ..., P, are evenly spaced around the circle of
radius 3.

Im(z)

3| P,

=3Py,

The points which represent complex numbers such that z> = —27i are

A

B.
C.
D
E

P, only
P, only
Py, Py, Py

SECTION 1 — continued
TURN OVER
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Question 9
The number of distinct solutions of the equation

x sin(x) sec(2x)=0, x [0, 2] is

moo®»
~N OO O b W

Question 10
The diagram below shows a rhombus, spanned by the two vectors a and b.

1

v

b
It follows that
A. g.p:O
B. a=b
C. (a+b).(a-b)=0
D. [a+b|=[a-b]
E. 2a+2b=0
Question 11

Consider the three forces

. . . 1. 3.
§1=—J§J,N2=l+ﬁl and F = —51 + 73.

The magnitude of the sum of these three forces is equal to

A.  the magnitude of (F,— F))

B. the magnitude of (F,— F))
C. the magnitude of F,
D. the magnitude of F,
E. the magnitude of F,

SECTION 1 — continued
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Question 12
The angle between the vectors 3i +6 j—2k and 21 — 2 j +k, correct to the nearest tenth of a degree, is
A 200 ) )

B 91.0°
C. 1124°
D. 121.3°
E. 124.9°
Question 13

The position of a particle at time 7 is given by 1(f) = (\/t -2 )1 +(2t)j fort=2.
The cartesian equation of the path of the particle is B
A y=2x2+4, x>2

B. y=2x2+2, «x>2

C. y=2x%2+4, x>0

x—4
2 9

E. y=2*+2, x>0

D. y=

Question 14

If f"(x) =2e* sin(x), f(0)=0 and f(0) =0, then f(x) equals
A.  —¢*(cos(x) + sin(x))

B. —e*(cos(x)—sin(x))+ 1
C. —¢*cos(x)

D. x-¢e‘cos(x)+1

E. x-¢e'cos(x)

Question 15

T

24

Using a suitable substitution, the definite integral Itan(2x)secz (2x)dx is equivalent to
0

2

A. (u)du

1
2

3

o'—.-b‘:‘

24
B. 2 j ()
0

2-3
C. j (u)du
0
12—\5
D. 5 6[ (u)du
2-3
E. 2 J.(u)du
0

SECTION 1 — continued
TURN OVER
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Question 16

The gradient of the normal to a curve at any point P(x, y) is twice the gradient of the line joining P and the
point O(1, 1).
The coordinates of points on the curve satisfy the differential equation

A Q_Fx—_l—
Cody o 20y-1)
5. dy  x-1 0
dx  2(y-1)
N G
dx x—1
ood 2
dx y—1
E. Q_MZO
dx x—1
Question 17
y
A
/), S S S S S —_—
/) S S S S S —
/[l S S S S s ——
I R A A Y Y D G
[ B B g i U
N AN AP S S N N
VLo S S — — NN
L A T R Y SRRV ot N N NN N NN
AR A U U U U AR o N N NI N NI U RN
> X
Buw=w o) Say 20 3
NONNNNN~N~—+F 7/ [ | | |\ \\
SNONNNN~—— =/ /||
NN ~~—— —F S/
NN~ ~~———— S]]
~N~~—~~————=2r S S]]
—_———— —F S
————— —x S S
—_———— — =3y 7SS

The differential equation which best represents the above direction field is

dy y—2x
A. dx 2y+x
dy 2x-—
B. 2 z
dx y-2x
dy 2y-
o W _2y-x
dx y+2x
ah -2
p. £
dx 2y—x
£ dy x-2y
" odx 2y+x

SECTION 1 — continued
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Question 18

The amount of chemical x in a tank at time ¢ is given by the differential equation x =— 10 and when

t=0, x,= 5. Euler’s method is used with a step size of 0.5 in the values of 7. dt 101

The value of x correct to two decimal places when ¢ = 1 is found to be

A. 395
B. 3.97
C. 450
D. 5.50
E. 6.03
Question 19

The motion of a lift (elevator) in a shopping centre is given by the velocity-time graph below, where time ¢ is
in seconds, and the velocity of the lift is v metres per second. For v > 0 the lift is moving upwards.

P <

@) > !

The graph shows that at the end of 30 seconds, the position of the lift is
A. 17.5 metres above its starting level.

B. 5 metres above its starting level.

C. at the same position as its starting level.

D. 5 metres below its starting level.

E. 17.5 metres below its starting level.

SECTION 1 — continued
TURN OVER
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Question 20

A body moves in a straight line such that its velocity v ms™ is given by v =2+1-x?, where x metres is its
displacement from the origin.

The acceleration of the body in ms™ is given by

—2x
A.

1—x?
B. -2x

2
C

1—x2
D. 2(1-2x)
E. —4x
Question 21

A constant force of magnitude F newtons accelerates a particle of mass 2 kg in a straight line from rest to
12 ms™! over a distance of 16 m.

It follows that
A. F=45
B. F=9.0
C. F=12.0
D. F=18.0
E. F=19.6
Question 22

A particle moves in a straight line. At time ¢ seconds, where ¢ > 0, its displacement x metres from the origin and
its velocity v metres per second are such that v = 25 + x2.

If x = 5 initially, then ¢ is equal to

A. 25x+x—
3
3

B 25c+ 5 200
3 3

END OF SECTION 1
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SECTION 2

Instructions for Section 2

Answer all questions in the spaces provided.

Unless otherwise specified an exact answer is required to a question.

In questions where more than one mark is available, appropriate working must be shown.
Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Take the acceleration due to gravity to have magnitude g m/s2, where g = 9.8.

Question 1
Consider the graph withrule | z—i | = 1 where z € C.

a.  Write this rule in cartesian form.

2 marks

b.  Find the points of intersection of the graphs with rules |z—i|=1and |z— 1| = | in cartesian form.

2 marks

SECTION 2 — Question 1 — continued
TURN OVER
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C.

Sketch and label the graphs with rules | z—i|=1and |z— 1 | = 1 on the argand diagram below.

Im(z2)
. A
\
\ /’
\ 2 /
\
\ -=---- ,/
\ //’ ‘\\ ,
y - S,
N ~
P \ RN
~ . / N
~ , \ , N -
~ -
~ 7 \ , \ -
-
SO/ \ 1 , \ P
~7 \ =3 B >
AN v o RS -\
/ SO A ’~ DA
/N .
/ ~ o ’ \ , N P \
/ ~/ \ e \
A \ 4 P
I ~ / PRI \
/ ~ \ _
1 ~ . \ \
I S~ _
' I , AU \ \ L
! \ ~ ! T > Re(Z)
3 2 1. o 1 p: 3
. -
\ N , \ S~ I
\ / \ ~/ 1
X N ~
\ - / AN /
- N \ , ~
\ e N7 , ~ /
\ - 7 M ~ ’
- ~ -2 >
v /o~~~ N ~/
-
PRGN ’ RN
- \ , 1 3 ’ S o
- \ ’ \ v ~
~
- N , \ , N
N \ - N
N -
~/ \
VRN _-N
/ ~e oo - \\
7/
/ -2 N
/
/ \

2 marks
Find the equation of the straight line which passes through the points of intersection of the graphs
withrules |z—i|=1land|z—-1]|=1.
Express your answer in cartesian form.

SECTION 2 — Question 1 — continued
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ii. The straight line found in part d. i. can be expressed in the form z = aZ where a € C.
Find the value of a.

1 +2 =3 marks

i. Shade the region {z:[z—1|<1,z € C} N {z:z-i|<1,z €C} on the argand diagram in
part c.
ii. Find the area of the shaded region in part e. i.

1 +2 =3 marks

Total 12 marks

SECTION 2 — continued
TURN OVER
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Question 2

A golfer hits a ball at time ¢ = 0 seconds from an origin O, aiming at a hole which is 200 metres away at the
end of a horizontal fairway. The initial velocity of the ball is given by v =351 +5 j+24.5k , where i is a unit
vector in the direction of the hole, j is a horizontal unit vector to the left perpendicular to i, and k is a unit
vector vertically up. Velocity components are measured in metres per second. The ball, once in the air, is subject
only to gravitational acceleration.

a. Given that the acceleration of the ball is

a(f)=-9.8k,

show by integration that the position vector of the ball 7 seconds after the golfer hits it is

1(1) =356 +51j +(24.5t - 4.91 )k,

2 marks
b. Show that the ball is in the air for five seconds.
1 mark
c. Find the maximum height, in metres, reached by the ball.
2 marks

SECTION 2 — Question 2 — continued
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d. Find the speed of the ball when it hits the ground.

Give your answer in metres per second, correct to the nearest integer.

3 marks

e.  Find the distance from the hole to where the ball hits the ground.
Give your answer correct to the nearest metre.

3 marks

Total 11 marks

SECTION 2 — continued
TURN OVER
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Question 3

. . . x2 (y-10)?
a. Sketch the ellipse with equation — + ———— =1 on the axes below.
400 900

Write down the intercepts with the x-axis.

y
A
50

40

30

20

10

4 marks

SECTION 2 — Question 3 — continued
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The region in the first quadrant bounded by the ellipse, the coordinate axes and the line y = 20 is rotated about
the y-axis to form a volume of revolution, which is to model a fish bowl. Values on the coordinate axes represent
centimetres.

b. I.  Write down a definite integral in terms of y which will give the volume of the bowl.

ii.  Evaluate the integral in part b. i. to find the volume of the bowl, correct to the nearest cubic centimetre.

2 + 1 =3 marks

Now consider a different fish bowl for which the volume ¥ cubic centimetres of water contained in the bowl
is related to the depth 4 centimetres by

a =25—”(800+ 20h—h?)

dh 36 :

Water flows in at a rate of 500 cubic centimetres per minute.

Cc. At what rate is the depth rising, in centimetres per minute, when the depth is 15 centimetres?

Give your answer correct to two decimal places.

3 marks

Total 10 marks

SECTION 2 — continued
TURN OVER
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Question 4

The diagram below shows particles of mass 3 kg and 2 kg on adjoining smooth planes with inclinations £ and
20 respectively, where 6 is measured in degrees and ¢ > 0. The masses are connected by a light inextensible
string passing over a smooth pulley. The tension in the string is 7 newtons, and the acceleration up the plane
of the 3 kg mass is @ m/sec?.

a. For the 3 kg mass, write down an equation for its motion up the plane.

1 mark
b. For the 2 kg mass, write down an equation for its motion down the other plane.
1 mark
gsin6
c. Show that a= 5 (4cos6 -3).
2 marks

SECTION 2 — Question 4 — continued
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d. Find the angle @ for the system to be in equilibrium.

Express your answer in degrees, correct to the nearest tenth of a degree.

2 marks

Now consider a changed situation where 6 is a fixed value of 30° and the plane supporting the 3 kg mass
is made rough, so that the coefficient of friction between the 3 kg mass and the plane is x = 0.05. The plane
supporting the 2 kg mass remains smooth.

e.  Find the acceleration of the 3 kg mass up the plane, in m/s2, correct to one decimal place.

3 marks

SECTION 2 — Question 4 — continued
TURN OVER
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f.  For the changed situation, the system will be in equilibrium if the 2 kg mass is replaced by a mass M kg
where m; <M <m,.

Find the values of m, and m, correct to two decimal places.

4 marks

Total 13 marks

SECTION 2 — continued
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Question 5

A tank initially contains 10 litres of pure water with no chemical present. Water containing a variable concentration
of chemical, ¢ 0% grams per litre where ¢ > 0, flows in at the rate of 20 litres per minute. The solution of water

and chemical, which is kept uniform by stirring, flows out at the rate of 10 litres per minute.

a. If x grams is the amount of chemical in the tank at time ¢ minutes, write down, in terms of x and ¢, an
expression for the concentration of chemical in the tank in grams per litre.

1 mark
b.  Show that the differential equation governing the rate of increase of x with respect to 7 is
b X 90002
dt 1+t
2 marks

SECTION 2 — Question 5 — continued
TURN OVER
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—0.21
It can be shown that x(7) = 600 _ 100e7"(z + 6).
t+1 t+1

o i. Find d
. . 1 ——
e

600 100e™"% (¢ + 6)

ii.  Verify by substitution that x(¢) =
t

the initial condition. +1

t+1

satisfies both the differential equation and

1 + 3 =4 marks

SECTION 2 — Question 5 — continued
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d. Sketch the graph of x(¢) for 0 <¢< 50 on the axes below, stating the coordinates of the turning point correct
to one decimal place.
X
A
40

30

20

10

» !

3 marks

e. Find the amount of chemical which has flowed out of the tank over the first ten minutes.

Give your answer in grams, correct to one decimal place.

2 marks

Total 12 marks

END OF QUESTION AND ANSWER BOOK
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SPECMATH

Specialist Mathematics Formulas

Mensuration

area of a trapezium:

curved surface area of a cylinder:
volume of a cylinder:

volume of a cone:

volume of a pyramid:

volume of a sphere:
area of a triangle:
sine rule:

cosine rule:

Coordinate geometry

ellipse: (x=h)° + (=)’ -

a’ b?

1

Circular (trigonometric) functions

cos?(x) + sin’(x) = 1

1 + tan(x) = sec?(x)

sin(x + y) = sin(x) cos(y) + cos(x) sin(y)

cos(x + y) = cos(x) cos(y) — sin(x) sin(y)

tan(x) + tan(y)

%nrzh

1
gAh

4 3

=7r

3

%bcsinA

a b c

sin4 sinB sinC

=a*+b*-2abcos C

2 2
hyperbola: (x=h)" (k)

cot?(x) + 1 = cosec?(x)

sin(x — y) = sin(x) cos(y) — cos(x) sin(y)

cos(x — y) = cos(x) cos(y) + sin(x) sin(y)

_ tan(x) — tan(y)

tan(x+y) = 1—tan(x)tan(y) tan(x =)= 1+ tan(x)tan(y)
cos(2x) = cos?(x) — sin?(x) = 2 cos?(x) — 1 = 1 — 2 sin()
sin(2x) = 2 sin(x) cos(x) tan(2x) = %
— X
function sin”t cos tan™
domain [-1, 1] [-1, 1] R
T T T
o {‘5’ E} 10.7] 53)




Algebra (complex numbers)

z=x+yi=r(cos@+isin ) =rcis o

|z|=\/x2 +y2 =r

2,2, = 1y, Cis(0, + 0,)

-t<Argz<rw

R
—1:—1015(91 -0,)
Z h

Z" =" cis(nf) (de Moivre’s theorem)

Calculus

%(xn):nxn—l

d

E(eax):aeax

d 1
E(loge (X))— ;

da (sin(ax))= acos(ax)
dx -

% (cos(ax))= —asin(ax)

d _ 2
o (tan(ax))= asec”(ax)

%(sin_](x))z lixz
%(cos_] (x)) = 1__1x2
)i

product rule:

quotient rule:

chain rule;

Euler’s method:

acceleration:

constant (uniform) acceleration:

[x"dx =

n+l

1
Je™di==e™ +c
a

Jldx =log, |x|+ c
x

[sin(ax)dx = —lcos(ax) +c
a
1.
[cos(ax) dx = —sin(ax) + ¢
a
[sec? (ax)dx = 1 tan(ax) + ¢
a

I;zdx =sin”! (§j+c,a >0

az—x

d dv du
—(uv):u—+v—
dx dx dx
du_ dv
i(ﬁJ: dx  dx
dx v vz
dv_dydu
dx  du dx

"™ renz-1

J_—ldxzcos_l(
2

SPECMATH

d
Ifd—iz:f(x), xo=aandy,=b,thenx, ,,=x +h and y, ., =y, +hflx,)

d*x dv  dv d[l 2)
a=—==—=y—=— —V
di?  dt dx  dx\2

2

v=u+at s=ut+5at2 V2 =u® + 2as

1
SZE (u+ )t

TURN OVER
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\Vectors in two and three dimensions

r=xi+yj+zk

rj= [2, 2,2 r r = —
[L]= \x*+y°+z° =r L, =rr,c08 0=xx,+y,y, + 2,2,

dr
dx . Qj+%k
t dt~ dt~ dt~

Mechanics

momentum: p=my
equation of motion: R=ma
friction: F<uN

END OF FORMULA SHEET



	2011 Specialist Mathematics 2
	Section 1
	Section 2
	Formula sheet




