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SECTION 1 – continued

Question 1

y

x

y = x2

O

A possible equation for the graph of the curve shown above is

A. y x a
x

= +3
, a > 0

B. y x a
x

= +3
, a < 0

C. y x a
x

= +2 4

2 , a > 0

D. y x a
x

= +4

2 , a > 0

E. y x a
x

= +4

2 , a < 0

SECTION 1

Instructions for Section 1
Answer all questions in pencil on the answer sheet provided for multiple-choice questions. 
Choose the response that is correct for the question.
A correct answer scores 1, an incorrect answer scores 0.
Marks will not be deducted for incorrect answers.
No marks will be given if more than one answer is completed for any question.
Take the acceleration due to gravity to have magnitude g m/s2, where g = 9.8.
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SECTION 1 – continued
TURN OVER

Question 2
The equation x2 + ax + y2 + 1 = 0, where a is a real constant, will represent a circle if
A. a < –2 only
B. a > –2 only
C. a = ± 2 only
D. –2 < a < 2
E. a < –2 or a > 2

Question 3
The maximal domain and range of the function with rule f x x( ) = − +−3 4 1

2
1sin ( ) π  are respectively

A. [–�, 2�] and 0,  1
2

⎡
⎣⎢

⎤
⎦⎥

B. 0,  1
2

⎡
⎣⎢

⎤
⎦⎥

 and [–�, 2�]

C. −⎡
⎣⎢

⎤
⎦⎥

3
2
π π,  3

2
 and −⎡

⎣⎢
⎤
⎦⎥

1
2

 , 0

D. 0,  1
2

⎡
⎣⎢

⎤
⎦⎥

 and [0, 3�]

E. −⎡
⎣⎢

⎤
⎦⎥

1
2

 , 0  and [–� , 2�]

Question 4
P is any point on the hyperbola with equation x y2

2

4
1− = .

If m is the gradient of the hyperbola at P, then m could be
A. any real number.
B. any real number in the interval (–2, 2)
C. any real number in the interval [–2, 2]
D. any real number in the interval R\(–2, 2)
E. any real number in the interval R\[–2, 2]

Question 5
For a certain complex number z where Arg( )z = π

5
, Arg(z7) is

A. − 7
5
π

B. − 3
5
π

C. 2
5
π

D. 3
5
π

E. 7
5
π
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SECTION 1 – continued

Question 6

If z i
i

= +
+

3 4
1 2

, the imaginary part of z is

A. –2

B. − 2
5

i

C. − 2
5

D. –2i

E. 2

Question 7
The relation (z + 2) ( )z + =2 4, when graphed on an argand diagram, would be
A. a circle of radius 4 with centre at (–2, 0)
B. a circle of radius 2 with centre at (2, 0)
C. a circle of radius 4 with centre (2, 0)
D.  a circle of radius 2 with centre at (–2, 0)
E. a circle of radius 2 with centre at (0, –2)

Question 8
In polar form, the complex number i – 1 is

A. 2
4

cis −⎛
⎝⎜

⎞
⎠⎟

π

B. 2cis 3
4
π⎛

⎝⎜
⎞
⎠⎟

C.  cis −⎛
⎝⎜

⎞
⎠⎟

5
4
π

D.  2 3
4

cis π⎛
⎝⎜

⎞
⎠⎟

E.  2 5
4

cis −⎛
⎝⎜

⎞
⎠⎟

π  
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SECTION 1 – continued
TURN OVER

Question 9

–0.5� –0.4� –0.3� –0.2� –0.1� 0.1� 0.2� 0.3� 0.4� 0.5�

1

0.5

–0.5

–1

y

x
O

The direction (slope) fi eld for a certain fi rst order differential equation is shown above.
The differential equation could be

A.  
dy
dx

x= ( )sin 2

B.  
dy
dx

x= ( )cos 2

C.  
dy
dx

y= ⎛
⎝⎜

⎞
⎠⎟

cos 1
2

D.  
dy
dx

y= ⎛
⎝⎜

⎞
⎠⎟

sin 1
2

E.  
dy
dx

x= ⎛
⎝⎜

⎞
⎠⎟

cos 1
2
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SECTION 1 – continued

Question 10
The volume of water V m3 in a cylindrical tank when it is fi lled to a depth of h metres is given by V = 4h. 
Water fl ows into the tank at a rate of 0.2 m3 per minute and leaks out at a rate of 0 01. h m3 per minute. 
The differential equation, which when solved would enable h to be expressed in terms of t, is

A. 
dh
dt

h= −0 2 0 01. .

B. 
dh
dt

h= −( )4 0 2 0 01. .

C. 
dh
dt

h= −20
400

D. 
dh
dt h

=
−

400
20

E. 
dh
dt h

= −20 400

Question 11
When Euler’s method, with a step size of 0.2, is used to solve the differential equation dy

dx
x= +−2 11tan ( ) with 

x0 = 0 and y0 = 1, the value of y2 would be given by
A. 1 + 0.1π

B. 1 + 0.4tan–1(1.2)

C. 0.1π + 0.4tan–1(1.2)

D. 1 + 0.1π + 0.4tan–1(1.2)

E. 1 + 0.4tan–1(1.2) + 0.4tan–1(1.4)
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SECTION 1 – continued
TURN OVER

Question 12
The graph of a function  f  together with the graph of one of its antiderivative functions is shown below.

–5 –4 –3 –2 –1 1 2 3

8

6

4

2

–2

–4

y

xO

The value of f x dx( )
−
∫
3

0
 is closest to

A. –9
B. –7
C. –5
D. 5
E. 9

Question 13
A cricket ball is hit from an origin at ground level so that its position vector at time t is given by 
r i jt t t t( ) = + −( )15 20 5 2  for t ≥ 0, where i  is a unit vector in the forward direction and j is a unit vector 
vertically up. 
When the cricket ball reaches its maximum height, its position vector is

A. r i j= +20 30

B. r i j= +15 20

C.  r i= 60

D. r i j= +30 10

E. r i j= +30 20

Question 14
If the vectors a i j k= + +m 4 3  and b i j k= + −m m 4  are perpendicular, then
A. m = 0
B. m = –6 or m = 2
C.  m = –2 or m = 6
D. m = –2 or m = 0
E. m = –1 or m = 1
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SECTION 1 – continued

Question 15

Two forces P  and Q act on a body. P  acts in the direction of i  with magnitude one newton and Q acts in the 
direction of i j+ 3  with magnitude four newtons. 

The magnitude of the total force acting on the body, in newtons, is
A. 3

B. 15

C. 17

D. 21

E. 5

Question 16
Using a suitable substitution 

log arctan( )e x

x
dx

( )
+∫ 1 2

0

3
 can be expressed completely in terms of u as

A. loge u du
0

3

∫ ( )

B. 
log

tan
e u

u
du

( )
+ ( )∫ 1 2

0

6
π

C.  loge u du( )∫
0

3
π

D. loge u du( )∫
0

6
π

E. log
tan

e u

u
du

( )
+ ( )∫ 1 2

0

3
π

Question 17
P, Q and R are three collinear points with position vectors p, q and r respectively, where Q lies between 
P and R.

If
 

QR PQ
→ →= 1

2
, then r  is equal to

A. 
3
2

1
2

q p−

B. 3
2

1
2

p q−

C.  
3
2

3
2

q p−

D. 1
2

3
2

p q−

E. 
3
2

3
2

p q−
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SECTION 1 – continued
TURN OVER

Question 18
A force F  is applied to a body causing it to accelerate in the direction of vector d . 
The magnitude of the force which causes the body to accelerate in this direction is given by
A. F d.

B. 
d
F

C.  
F d
F
.

D. 
F
d

E. F d
d
.

Question 19
The momentum of a 5 kg mass, which is travelling in a straight line, has magnitude 30 kg ms–1. Six seconds 
later the magnitude of the momentum of the mass is 40 kg ms–1. 
Assuming that the mass is accelerating at a constant rate, the distance covered by the mass over the 
6 seconds is
A. 28 m
B. 10 m
C.  42 m
D. 45 m
E. 12 m

Question 20
The velocity v ms–1 of a body which is moving in a straight line, when it is x m from the origin, is given by  
v = sin–1(x). 
The acceleration of the body in ms–2 is given by

A. − −cos ( )1 x

B. − cos( )
sin ( )

x
x2

C. –cot(x)cosec2(x)

D. 
1

1 2− x xsin( )

E. 
sin ( )−

−

1

21

x

x
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Question 21

10 kg

4 kg

A 10 kg mass on a rough horizontal table is connected to a 4 kg mass by a light inextensible string which 
remains horizontal until it passes over a smooth pulley. The 10 kg mass moves along the table while the 4 kg 
mass falls toward the ground.  Given that the coeffi cient of friction between the 10 kg mass and the table is 0.1, 
the acceleration of the 10 kg mass in ms–2 is

A. 
3
14

g

B. 
3
10

g

C.  
3

14

D. 
3

10

E. 
5
14

g

Question 22
A body moves in a straight line so that at time t its velocity is v and its acceleration is a where a = f (v). 
Given that v = v0 when t = t0, and v = v1 when t = t1, it follows that

A. v f v dv v
t

t

1 0
0

1

= ( ) +∫

B. t
f v

dv t
v

v

1 0
1

0

1

=
( )

+∫

C.  t
f v

t dv
v

v

1 0
1

0

1

=
( )

+
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟∫

D. t f v dv t
v

v

1 0
0

1

= ( ) +∫

E. v
f v

dv v
t

t

1 0
1

0

1

=
( )

+∫

END OF SECTION 1
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Question 1
The function f R: [ , )0 ∞ →  where f x x x

x
( ) =

+
6
3 12

 has fi rst and second derivatives with rules given by

′ = −
+

f x x x
x

( ) ( )
( )

9 1
3 1

2

2 2  and f " ( ) ( )
( )

x x x
x x

= − +
+

9 9 26 1
2 3 1

4 2

2 3 .

a. Find the coordinates of the maximum turning point of the graph of f and use an appropriate test to verify 
its nature.

 

 

 

 

 

 

 

 
2 marks

SECTION 2

Instructions for Section 2
Answer all questions in the spaces provided.
A decimal approximation will not be accepted if an exact answer is required to a question.
In questions where more than one mark is available, appropriate working must be shown.
Unless otherwise indicated, the diagrams in this book are not drawn to scale.
Take the acceleration due to gravity to have magnitude g m/s2, where g = 9.8.

SECTION 2 – Question 1 – continued
TURN OVER



2008 SPECMATH EXAM 2 12 

b. i. Write down a polynomial equation, which when solved will give the x coordinates of the points of 
infl ection of the graph of f.

 

 

 

 ii. Find the coordinates of the two points of infl ection of the graph of f.  Give your answers correct to 
one decimal place.

 

 

 

 

 
1 + 2 = 3 marks

c. Sketch the graph of f on the axes below, clearly indicating the location of any intercepts with the axes, 
the maximum turning point and the two points of infl ection.

2

1

1O 2 3 4

y

x

2 marks

SECTION 2 – Question 1 – continued
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SECTION 2 – continued
TURN OVER

The graph of  f  is rotated about the x-axis between x = 0 and x = 
1
3

 to form a solid of revolution with volume V.

d. i. Show that V dxx

x
=

( )+
∫2 18

3 1

3

2 2
0

1
3

π .

 

 

 

 ii. Use the substitution u = 3x2 + 1 to express V in the form

2 2π
c
u

d
u

du
a

b

+⎛
⎝⎜

⎞
⎠⎟∫ .

 

 

 

 

 

 

 

 iii. Hence, by using an appropriate antiderivative, fi nd V in exact form.

 

 

 

 

 
1 + 2 + 2 = 5 marks

Total 12 marks
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Question 2
A ‘parasailing’ water-skier (a water-skier with a parachute attached) of mass 80 kg is towed by a boat in a 
straight line from rest. The boat exerts a constant force of 390 N acting horizontally on the skier.  At this stage 
the resistance to the motion of the skier is a constant 30 N which acts horizontally.
a. Show that the acceleration of the skier is 4.5 m/s2.

 

 

 
1 mark

b. Show that the speed of the skier, having been towed a distance of 16 m, is 12 m/s.

 

 

 
1 mark

After the skier has been towed 16 m across the water, the drag of the parachute becomes signifi cant. The drag 
of the parachute produces an additional resistance of 6v N to the horizontal motion of the skier, where v m/s 
is the velocity of the skier.
c. If a m/s2 is the acceleration of the skier, write down the equation of motion of the skier and hence express 

a in terms of v. 

 

 

 

 
 2 marks

SECTION 2 – Question 2 – continued
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d. Find the time required for the skier to reach a speed of 18 m/s from a speed of 12 m/s. Give your answer 
in seconds correct to one decimal place.

 

 

 

 

 

 

 
2 marks

After some time, the parasailing skier is being towed horizontally at a constant speed and at a fi xed distance 
above the water. The tow rope from the boat makes an angle of 30° to the horizontal, and the parachute cord 
makes an angle of θ to the horizontal.
e. i. On the diagram below, label the following forces which are now acting on the parasailing water-

skier.
  The weight force 80g newtons of the skier.
  The tension T newtons in the parachute cord.
  A horizontal resistance force of 100 newtons.
  The force of 390 newtons exerted by the tow rope.

θ

30°

 ii. By resolving forces in the horizontal and vertical directions, write down a pair of equations which 
would enable θ and T to be found.

 

 

 

 

SECTION 2 – Question 2 – continued
TURN OVER
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SECTION 2 – continued

 iii. By expressing sin (θ) and cos (θ) in terms of T, fi nd the value of tan (θ) correct to three decimal 
places.

 

 

 

 

 iv. Find the value of T correct to the nearest integer.

 

 

 

 

 
1 + 2 + 2 + 1 = 6 marks

Total 12 marks
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Question 3
The position vector r t( )  of the front of a toy train at time t seconds on a closed track is given by

r i jt t t( ) = ⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

sin sin
3

1
2

2
3

, t ≥  0 

where displacement components are measured in metres.
a. i. If the front of the train is at the point P(x, y) at time t, show that 

y t t2 2 2

3 3
= ⎛

⎝⎜
⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

sin cos .

 

 

 

 ii. Hence fi nd the cartesian equation of the path of the train.

 

 

1 + 1 = 2 marks

b. Sketch the path of the train on the axes below.

–1.2 –1 –0.8 –0.6 –0.4 –0.2 0.2O 0.4 0.6 0.8 1 1.2

0.6

0.4

0.2

–0.2

–0.4

–0.6

y

x

2 marks

SECTION 2 – Question 3 – continued
TURN OVER
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SECTION 2 – continued

c. Find the exact time, in seconds, that it takes the train to complete one circuit of the track. 

 

 

 
2 marks

d. Find the exact speed, in m/s, of the train as the front of the train passes through the origin.

 

 

 

 

 

 

 
2 marks

e. The distance travelled by the train between times t = t0 and  t = t1 is given by 

v t dt
t

t

( )∫
0

1

 where v t( )  is the speed of the train at time t.
 i. Write down a defi nite integral, involving only scalar quantities, which gives the distance travelled 

by the train when it completes exactly one circuit of the track.

 

 

 

 ii. Find the distance in metres, for one circuit of the track, correct to one decimal place.

 

 
1 + 1 = 2 marks

Total 10 marks
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Question 4
An island has a population of rabbits and a population of foxes. The foxes eat rabbits as their food source and if 
the rabbit population decreases, then after some time, so will the fox population. Also, if the rabbit population 
increases, then after some time, so too will the fox population.
At time t months from the start of the year there are x thousand rabbits and y hundred foxes.  A model for the 
two populations is given by the parametric equations

Rabbits x t= + ⎛
⎝⎜

⎞
⎠⎟

10 3
6

cos π , t ≥ 0

Foxes y t= + ⎛
⎝⎜

⎞
⎠⎟

5
6

sin π , t  ≥ 0.

a. Find the cartesian equation relating x and y according to this model.

 

 

 

 

 
2 marks

b. Sketch the relationship between x and y on the axes below.

y

x

7

6

5

4

3

2

1

1O 2 3 4 5 6 7 8 9 10 11 12 13 14

fox population
in hundreds

rabbit population 
in thousands

2 marks

SECTION 2 – Question 4 – continued
TURN OVER
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c. i. After how many months from the start of the year is the population of rabbits, x thousand, a 
minimum?

 

 

 ii. How many foxes are on the island at this time?

 

 
1 + 1 = 2 marks

An alternative model for the interaction of the two populations, which more accurately allows for the dependency 
of the foxes on the rabbits as a food source, is given by the pair of differential equations

Rabbits dx
dt

x xy= −0 5 0 1. . , t ≥ 0

Foxes 
dy
dt

y xy= − +0 2 0 02. . , t ≥ 0

d. i. Show that 
dy
dx

xy y
x xy

= −
−
10

25 5
.

 

 

 

 ii. Use calculus to verify that the curve with equation 

25 loge(y) – 5y – x + 10 loge (x) = c

  where c is a constant of integration, satisfi es the differential equation given in part d. i.

 

 

 

 

 

 
1 + 2 = 3 marks

SECTION 2 – Question 4 – continued
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SECTION 2 – continued
TURN OVER

For certain populations of foxes and rabbits c = 27.5. The graph of the solution curve from part d. ii. for this 
value of c is shown below.

1

2

3

4

5

6

1 2 3 4 5 6 7 8 9 10 11 12 13 14

y

x

fox population
in hundreds

rabbit population 
in thousands

e. Determine the minimum and maximum numbers of rabbits possible according to the alternative model, 
correct to the nearest ten rabbits.

 

 

 

 

 

 

 

 

 
3 marks

Total 12 marks
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Question 5
a. Verify that 3

2
1
2

+ i  is one root of the equation z3 = i.

 

 

 

 

 

 

 

 

 

 

 
1 mark

b. Plot the three roots of i on the argand diagram below.

Im(z)

Re(z)
321–1 O–2–3

2

1

–1

–2

2 marks

SECTION 2 – Question 5 – continued
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c. Find the points of intersection of the curves given by

z i− =1 and Re (z) = −
1
3 

Im (z).

 

 

 

 

 

 

 

 
3 marks

SECTION 2 – Question 5 – continued
TURN OVER
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d. Sketch the curves given by the relations z i− =1 and Re (z) = − 1
3

 Im (z) on the argand diagram 
below.

Im(z)

Re(z)
321–1 O–2–3

2

1

–1

–2

2 marks

e. On the argand diagram above shade the region given by

 
z z i z z: :− ≤{ } ∩ ≤ ( ) ≤⎧

⎨
⎩

⎫
⎬
⎭

1 0 2
3

Arg π
.

2 marks

f. Find the area of the shaded region in part e., correct to two decimal places.

 

 

 

 

 

 

 

 

 

 

 
2 marks

Total 12 marks
END OF QUESTION AND ANSWER BOOK
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Specialist Mathematics Formulas

Mensuration

area of a trapezium: 
1
2 a b h+( )

curved surface area of a cylinder: 2π rh

volume of a cylinder: π r2h

volume of a cone: 1
3

2π r h

volume of a pyramid: 1
3 Ah

volume of a sphere: 4
3

3π r

area of a triangle: 
1
2 bc Asin

sine rule: 
a

A
b

B
c

Csin sin sin
= =

cosine rule: c2 = a2 + b2 – 2ab cos C

Coordinate geometry

ellipse:  x h

a

y k

b

−( )
+

−( )
=

2

2

2

2 1 hyperbola:   x h

a

y k

b

−( )
−

−( )
=

2

2

2

2 1

Circular (trigonometric) functions
cos2(x) + sin2(x) = 1

1 + tan2(x) = sec2(x) cot2(x) + 1 = cosec2(x)

sin(x + y) = sin(x) cos(y) + cos(x) sin(y) sin(x – y) = sin(x) cos(y) – cos(x) sin(y)

cos(x + y) = cos(x) cos(y) – sin(x) sin(y) cos(x – y) = cos(x) cos(y) + sin(x) sin(y)

tan( ) tan( ) tan( )
tan( ) tan( )

x y x y
x y

+ = +
−1  tan( ) tan( ) tan( )

tan( ) tan( )
x y x y

x y
− = −

+1

cos(2x) = cos2(x) – sin2(x) = 2 cos2(x) – 1 = 1 – 2 sin2(x)

sin(2x) = 2 sin(x) cos(x) tan( ) tan( )
tan ( )

2 2
1 2x x

x
=

−

function sin–1 cos–1 tan–1

domain [–1, 1] [–1, 1] R

range −⎡
⎣⎢

⎤
⎦⎥

π π
2 2

, [0, �] −⎛
⎝⎜

⎞
⎠⎟

π π
2 2

,
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Algebra (complex numbers)
z = x + yi = r(cos θ + i sin θ) = r cis θ 

z x y r= + =2 2  –π < Arg z ≤ π

z1z2 = r1r2 cis(θ1 + θ2)  
z
z

r
r

1

2

1

2
1 2= −( )cis θ θ

zn = rn cis(nθ) (de Moivre’s theorem)

Calculus
d
dx

x nxn n( ) = −1

 
∫ =

+
+ ≠ −+x dx

n
x c nn n1

1
11 ,

d
dx

e aeax ax( ) =
 

∫ = +e dx
a

e cax ax1

d
dx

x
xelog ( )( )= 1

 
∫ = +1

x
dx x celog

d
dx

ax a axsin( ) cos( )( )=
 

∫ = − +sin( ) cos( )ax dx
a

ax c1

d
dx

ax a axcos( ) sin( )( )= −
 

∫ = +cos( ) sin( )ax dx
a

ax c1

d
dx

ax a axtan( ) sec ( )( )= 2

 
∫ = +sec ( ) tan( )2 1ax dx

a
ax c

d
dx

x
x

sin−( ) =
−

1
2

1

1
( )

 
∫

−
= ⎛

⎝⎜
⎞
⎠⎟

+ >−1 0
2 2

1

a x
dx x

a
c asin ,

d
dx

x
x

cos−( ) = −

−
1

2

1

1
( )

 
∫ −

−
= ⎛

⎝⎜
⎞
⎠⎟

+ >−1 0
2 2

1

a x
dx x

a
c acos ,

d
dx

x
x

tan−( ) =
+

1
2

1
1

( )
 

∫
+

= ⎛
⎝⎜

⎞
⎠⎟

+−a
a x

dx x
a

c2 2
1tan

product rule:  
d
dx

uv u dv
dx

v du
dx

( ) = +

quotient rule:  d
dx

u
v

v du
dx

u dv
dx

v
⎛
⎝⎜

⎞
⎠⎟

=
−
2

chain rule:  
dy
dx

dy
du

du
dx

=

Euler’s method:  If 
dy
dx

f x= ( ),  x0 = a and y0 = b, then xn + 1 = xn + h  and  yn + 1 = yn + h f(xn)

acceleration:  a d x
dt

dv
dt

v dv
dx

d
dx

v= = = = ⎛
⎝⎜

⎞
⎠⎟

2

2
21

2

constant (uniform) acceleration: v = u + at s = ut + 
1
2

at2 v2 = u2 + 2as s =  
1
2

 (u + v)t

TURN OVER
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Vectors in two and three dimensions

r i j k
~ ~ ~ ~

= + +x y z

| r
~ | =    x y z r2 2 2+ + =  r

~ 1. r
~ 2 = r1r2 cos θ = x1x2 + y1y2 + z1z2

r
r

i j k
~

~
~ ~ ~

= = + +
d

dt
dx
dt

dy
dt

dz
dt

Mechanics

momentum: p v
~ ~

= m

equation of motion: R a
~ ~

= m

friction: F ≤ μN
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