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Question 1
a. The highest point vertically above the base of the crane when the arm is inclined at its

maximum angle is 5 metres.

(1 mark)

The k coordinate or the vertical component for each of the given points is 5 and we

are told that the points 4, B, C and D are on the outer ring of the cone. Hence the
highest point when the arm is inclined at its maximum angle lies anywhere on this

circle. (1 mark)
b. Since the edge of the solid shape is a circle, the length of the crane when fully
- -
extended is given by |OA| or|OB| etc.
_>
OA=3i+5k
%
So |04|=+9+25
= /34 metres
(1 mark)
- - -
c. i AB = A0+ OB k
=-3i-5k—i-2V2 j+5k £
=—4i-2\2 .
- - - B
AD = A0+ OD
= —3i-S5k+i+2v2 j+5k
=-2i+242 J (1 mark)
> -
So ABeAD =8-8
0 (1 mark)
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ii. From parti. £ZBAD =90°.

So points BAD lie on a semicircle with BD the diameter.

- -

5
Also, BC=BO+0C
=i+ 232 j-5k-2i-+/5 j+5k

=i+ (25

- -

and CD=CO+O
:2£+\/§j—51~c+£+2\/5j+5/§

—3i+ (V5 +242);

So,  BC.CD=-3+(2v2 -5 )x (V5 +2v2)
=-3+2410 +8-5-2410

=0

So  ZBCD=90°
So points BCD lie on a semicircle with BD the diameter.

(1 mark)

(1 mark)

Since BCD and BAD lie on the same plane, 4, B, C, D lie on a circle.(1 mark

S
d. OD=i+2V2 j+5k

and OF =—i— j+4k

-

So OD.OE =—1-22 +20
—19-22
Also OD.OE =|OD||0E]| cos®

So 19-24/2=+1+8+251+1+16 cos®
cos@ =0-6536......

6 =49°11'(to the nearest minute)

The arm of the crane moves through an angle of 49°11'.

Question 2
Im(z)
u=2-2isou =2+2i 4
it = (2 - 2i )2+ 2i)
=4+4
=8

a. i.

(1 mark)

. L I N
<

ii. Argu + Arg(2ur)

-7 T

(1 mark)

(1 mark)

(1 mark)
Total 11 marks

= — 4+ —

YR 1 2 3 4 5 6

=0 (1 mark) ol

» Re(z)
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b. i. If u is a solution then,
(2-2i) —6(2-2i) +19(2—2i)* —28(2—2i)+24=0
LS =—8i x —8i — 6 x —8i(2 — 2i) + 19 x —8i — 56 + 56i + 24
=64+ 96i + 96 —152i — 56 + 56i + 24

=0
=RS
Have shown (1 mark)
ii. Since the coefficients of the LHS of the equation are real, 2 + 2i is also a

solution (conjugate root theorem).
Now, (z—2-2i)z-2+2i)

=22 —2z+2iz-2z+4—-4i-2iz+4i+4

=z* —4z +8 which is a quadratic factor.

(1 mark)
z2 —2z+3
22 —4z+8>z4 — 627 +1922 — 28z + 24
24 - 423 + 822
—223 +11z% - 28:
~22° +822 —162
322 -12z+24
322 —12z+24
_.4 3 2
Let  p(z)=z" —62° +192° — 28z + 24 P
So p(z)z(z2 —4Z+8XZZ —22+3)
=(z—2—2i)(z—2+2i)(z2 —22+1—1+3)
=(z—2—2i)(z—2+2i)(z—1—ﬁixz—1+ﬁi)
The other three solutions arez =2 +2i, 1+ V2i (1 mark)
c. Method 1
Graphing.
Im(z)
A
41
3 L
2t \ﬁ
1t \
\ >
T 2 \3 6 Re(z)
-1y 3-i
2
_—1 \\
3t
\
4 * Ju
(1 mark)
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z is any complex number such that the distance from z to # equals the distance from z
to 2u.

From the graph, we see that all such numbers z lie on a straight line shown on the
Argand diagram.

This line crosses the Real axis at 6. So when y=0,x=6.

(1 mark)

Method 2
Algebraically.

|z—ﬁ|=|z—2u|

|x+yi—2—2i|=|x+yi—4+4i|

Jo=2F + (=2 == + (47 (1 mark)
xP —4x+4+y* —dy+4=x> -8x+16+y> +8y+16
4x-12y =24
x-3y=6
When y=0, x=6

(1 mark)

16 -9

(2-21') (2+2i)" =

(2&03(%}} [2[ cis ” J (1 mark)

(2\/5 )n cis( —;mJ + (2\/5 )n Cis(%j =0 De Moivres Theorem
(1 mark)
since2\/5n¢0
—7m L. (—m m .. (m
cos| —— [+ isin +cos| — |+isin| — [=0
[Tl = oo s T )-
cos| — |—isin| — |+ cos| — |+isin| — |=0
(5 e 3 isnl )
2cos %j 0 (1 mark)
m_ EE3¥x
4 7 27272°
:(2k+1) ke
m_ (2k+1)x
4 2
So, = (2k+1) keJ
or =...,—2,2.,6,..
(1 mark)

Total 12 marks
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Question 3
a. i. y
A
I I
I I
I I
I I
I I
I 1 I
I k I
| | > X
k k
I I
I I
I I
I I
I I
I I
x=-k x=k
B 1
y= PR
when x=0,
= 1
k* -0
1
k
(1 mark) correct shape
(1 mark) labelling clearly
asymptotes and y-intercept
" 1
ii. From the graph, re= {;,wj.
(1 mark)
k
PR
b. Arearequired = j— dx (1 mark)
0 kz - X2
k
2
=|Sin™ (zj
k 0
=Sin 1[1 —Sin'(0)
2k
=Sin™ [lJ
2
/4 .
= E square units
(1 mark)
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Since we are rotating about the y-axis, the terminals of integration will lie on the

y-axis and the volume of rotation, V, is given by V = ﬂ'J. x>dy.

y
4 NOT TO
SCALE
2 \ U
\/gk/ szxz
L
k
—> X
k
2

. .2 o .
One of the terminals is —— (given in the question).

3k

To find the other let x=0.
1

So, [P
k% -0

_1
k

(1 mark) — correct terminals
For the integrand,

- k* —x?
k* —x* 1
Yy
1
k2 —x2 27
1
X =kt
y
x2=kr -y

(1 mark) — correct integrand
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So required volume

_ (1 mark) — correct form
=z |lk? - d
”-1[( 4 )y i.e.ﬁszdy
k
2
=7z'[k2y+y l]fk
(1 mark)
=l k* x 2 +ﬁ —( 2><l+kj
J3k 2 k
=ﬁ2—k+@—2k
V3 2
4k + 3k — 43k
=7
23
:i(7_4\/§)
243

_ \/56”15 (7 _4 ﬁ) cubic units

(1 mark)
Total 10 marks
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Question 4

. d
a. The pump was repaired when 7‘} =50.

t
500

(t+1)10-1)
(t+1)10-¢)=10
—t7+9+10=10
—t(r-9)=0
t=0o0rt=9

So 50 =

So, a=9.

dv 500
dt (¢ +1)10-1)
500

2190 +10)

d*v_ (= +91+10)x 0 500(~ 2t +9)

dr’ (—tz +9t+10)2
_ —500(-2+9)
(—tz +9t+10)2

2
max/min when d_zv =0
dt

~500(—2¢+9)=0
t=4-5

Check max/min

When ¢ =1, d—=—10-8

2y

dr?
d*v :
When =35, —2=0-5
dt

} 454
\ Y

We have a min at 4.5.

So the minimum rate at which the pump was pumping during its period of

500

(1 mark)

(1 mark)

(1 mark)

(1 mark)

malfunction was ———— =16-53 litres per hour (correct to 2 decimal places).

5%x5-5

(1 mark)
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c. For J.Ldt we need to break up the fraction using partial fractions.
(t+1)10-1)

500 A B
(t+1)10—-1¢) (1 10—
_AQ0—1)+B(t+1)
~ (t+1)10-9)
True iff 500 = A(10 —¢) + B(z +1)
Put ¢=10,

Let

(1 mark)

500=115, Bz%

Put r=-1,

500=114, A=ﬂ

11 (1 mark)
500 500 500

? (t+1)10-1) 11(t+1)+11(10—t)

500 500 ¢( 1 1
S dt = d
o I(t+1)(10—t) Y j(t+1+10—tj t

=22 (log, (1 +1)- log, (10 1)+

500 t+1
z_loge
11 10—1¢

(because we are asked for an antiderivative.)

(1 mark)
d. The volume of water in litres, that the malfunctioning pump had pumped ¢ hours after
the malfunction began is given by

dvdt
dt
500
= | —=———d
j(t+1)(10—t) t

:5_0010ge t+1 +c from part c.
11 10—1¢

So v:s—oolog (H_l J+c

‘N10—1
(1 mark)
In this case, when ¢ =0, v=0, that is, the malfunctioning pump hadn’t yet

pumped any water when ¢ =0 (the functioning pump had though, but we are
only interested in the period of malfunction — i.e. domains are crucial).

0——50010ge 1 +c
11 10
So v 500 log, t+1 —Soologei
11 10-¢) 11 10
_ 500 10z +1) . (1 mark)
log, as required
11 10—¢

t
(Alternatively, you could use the definite integral v = I ﬂd
0

t
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10
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11

e. The volume of water pumped by the malfunctioning pump after 2 hours is given by
500, 10(2+1)
V= log,
11 10-2

=60-07981091....
(1 mark)
If the pump had been operating normally, it would have pumped
2 x 50 litres =100 litres . So there were an extra 39.92 litres (correct to 2 decimal
places) in the mine.
(1 mark)

f. The additional water is the difference between what is normally pumped out and what
can be pumped out during the period of the malfunction.
Let A = volume of additional water.

So A= 50730 log., 10(z +1)
11 (10—¢)

Using a graphics calculator.
Graph Y, =50¢

500 10( +1
GraphY, = T log, (lg—t))

GraphY, - 7%,

(1 mark)
Look at the graph and the table of values for ¥, - 7,.
Note that the largest value of ¥, — Y, for £ [0,9] is 240.67 and this occurs at £=9.

(1 mark)
Hence during the period when the pump is malfunctioning the limit of additional
water that the mine can cope with is not exceeded.

(1 mark)

Total 15 marks
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Question 5
a.
(1 mark)
b. Resolve the forces )
R=ma /
(0-025g sin 45° — Fr)i+ (N = 0-025g cos45°) j=0-025a i <
Now Fr=uN f
So, 0-025¢ —uN =0-025gand N = 0-025¢
V2 V2
(1 mark) (1 mark)
0-025¢g _0-5x 0-025¢g 0-0254
V2 V2
-8 &
V2 242
-8
22
= % m/s> as required
(1 mark)
c. From part b., we know that a lolly accelerates at a constant rate down the metal chute

hence we can use the formula
v2=u?+2as

1 2
So, vzz[(2—x/§g)2J +2x\/§gx2

=2-2g ++2g¢
=2
v=+/2m/s

(1 mark) use of correct formula
(1 mark) correct answer
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d. When a lolly drops off the end of the metal chute, it goes into "freefall” where the
only force acting on it is the gravitational force (since there are no resistance forces).
So R=ma
becomes —0-025g j=0-0254 J

a=-gj | > i

dy

o e e
v=-gtjte 0.025¢

(1 mark)

When ¢ =0, i.e. when the lolly left the end of the metal chute, v= J2m/s
andso v= V2 cos45° i— V2 sin 45° j

“im) L

So, v=—gt+c _l 459

becomes i— j=0x j+c¢

So, c=i-j
(1 mark) for “initial” conditions
So, v=—gtjti=j
=i-(l+gr))
as required.
(1 mark)
e. From part d.,
v=i-(I+gt)/

where ¢ =0 corresponds to the instant where it left the end of the metal chute and the
end of the metal chute corresponds to the origin of motion.

So,

;2
5=ti—(z+g—jj+c
13 L

At t=0,
r=0i+0,
So,  ¢=0

(1 mark)
So, when a lolly lands 0.4m vertically below the origin of motion, (i.e. the end of the
metal chute),
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& 41-0-4=0

t=0-2013...
(Take the positive value of £)
(1 mark)
Since the horizontal distance from the end of the metal chute is given by ¢, that
horizontal distance is 0.2m (to 1 decimal place).
(1 mark)
Total 12 marks
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