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SECTION A — Multiple-choice questions

Instructions for Section A

Answer all questions in pencil on the answer sheet provided for multiple-choice questions.

Choose the response that is correct for the question.

A correct answer scores 1; an incorrect answer scores 0.

Marks will not be deducted for incorrect answers.

No marks will be given if more than one answer is completed for any question.

Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Q

uestion 1

The function f and its inverse, f -1 are one-to-one for all values of x.
Iff(1)=5, f(3) =7 and £(8) = 10, then f~'(7) and f~!(5) respectively are equal to

A. Sand7

B. 3andl1

C. 7and5

D. 8and>5

E. 5and8

Question 2

If tan(0) = —% and @ € [0, 27], then cos(6) is equal to
3 3

A. 5 or 7%
4 3

B. g Oor 7%
4 4

C. 3 Oor T3

D. ~° or 3
4 4

E. g o 7%

Question 3

The function f with rule /' (x) = 2 log (16 — x) has a maximal domain given by

A. x e (16, 0)

B. xe(-x,4)

C. xe (4,

D. xe (4,4

E. xe(-x,16)

SECTION A — continued
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Question 4
Letg: R — R, g(x) =3x + a, where a is a real constant.
Given that g (g(2)) =10, the value of a is

A, -1
B. -2
C. 3
D. 4
E. -5
Question 5

A continuous random variable, X, has the probability density function, £, given by

a-cos(2ﬂx+3—ﬂ) OSxSl
Sf(x)= 2 2

0 elsewhere

The value of a is

2022 MATHMETH EXAM 2 (NHT)

T
Ay
T
B. B
C. «
3z
D. 4
3r
Question 6
The line with equation y = mx + 1 and the curve with equation y = 3x% + 2x + 4 intersect at two distinct
points.
The values of m are
A, 4<m<8
B. m<-+4
C. m>8
D. m<—4 or m>38
E. m=—4 or m=38

SECTION A — continued
TURN OVER



2022 MATHMETH EXAM 2 (NHT) 4

Question 7
The graph of y = f(x) is shown below.

y
A
4 4
2 +4
t t t —p X
-4 20 / 2 4
-2
4
_4 —+
<
The corresponding graph of the inverse of £, y = f~1(x), is best represented by z
A y B y
A A <
4+ 4 +
7p)
%\ ) L e —
\ =4 T
. — X : — X -
4 20 2 4 -4 20 2 4
27 27
Z
(I1]
-
C. % D. y -
A A o
4 + 4+ ;
2 / 27
b x . 20 s -
ad20l 2 4 4oV 2 4 @)
27T 271 Z
41 41
o
(@]
E. y
A
4 4

SECTION A — continued
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Question 8

The range of the function with rule y =+/4—x2? + log, (x +2) is contained within the interval
A. [4,2.8]

(—o0, 2.8]

(-4,2.9)

(-, 2.9)

[4,2.9)

SISl A

Question 9

A survey on sleep habits was conducted using a random sample of 40 people drawn from a large population.
Thirty of the survey participants reported that they would like to sleep more.

Using the results of this survey, a 90% confidence interval for the proportion of the population who would
like to sleep more would be closest to

<
Lul
A |075-164 |22X0T3 g 954 6q [922 0T
o 40 40
<
7p] B. |0.75-1.28 M, 0.75+1.28 0.25x0.75
- 40 40
L
= C. |0.75-1.96 M, 0.75+1.96 0.25x0.75
40 40
Z
L D. |30-128|0222075 5, 9g [025x0.75
40 40
-
= B |30-196 220 30196, [1 0
= 40 40
IC_> Question 10
= The probability distribution for the discrete random variable X is shown in the table below.
o . 0 1 ; :
(@]
Pr(X =x) 0.1 0.4 0.3 0.2

The variance of the random variable X is
A. 1.60
1.26
1.00
0.84
0.20

#EOFR

SECTION A — continued
TURN OVER
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Question 11

The diagram below shows a glass window consisting of a rectangle of height 4 metres and width 27 metres,
and a semicircle of radius » metres. The perimeter of the window is 8 m.

=
=

-

An expression for the area of the glass window, 4, in terms of 7 is <
L
2
A A=8r—272 " o
<
nr?
B. A=8r—2r2+7 7))
2 .-
C. A:8r—4r2—3ﬂr -
2 Z
D. A=8 -42-" —
2
5 (I1]
E. A=8r—2r2—% -
o
Question 12 ;
The weights of frogs from a certain species have a normal distribution with a mean of 56 g. It is found that -
5% of the frogs weigh more than 77 g. o
The standard deviation is closest to =
A. 3.57
B 12.77 o
C. 21.05 (@]
D. 163.07
E. 169.11

Question 13

Let f(x)=g(x)-V1—-x?, where g is a function that is continuous and differentiable for all x € R.
The gradient of the tangent to the graph of f at the point where f crosses the vertical axis is equal to
A. 0

B. 1
C. g0
D. ¢'(0)
E. ¢'(0)-g(0)

SECTION A — continued
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Question 14

. . . ) x 2 0| x -2
The graph y = sin(x) is subjected to the transformation 7 ([ D = { }[ }{ } .
The resulting graph can be described by Y

A, y=1-sin(x(x+2))

B. » =1—sin(2(x—2))

C. y=1—sin(%(x—2)
(1

D y:1—s1n(5(x+2)
< L ( 1

E =1+sin| —(x+2
w y 5 (x+2)
o
< Question 15
7)) The probability distribution for the discrete random variable X is shown in the table below.
I:I—: X 0 1 2 3 4

Pr(X=x) k 2k 3k 4k S5k
Z
Ll . . ~ 1),
. When a sample of size n = 4 is taken, Pr| P < 3 is equal to
— A. 0
o
= B
2 7
o C. 3
Z
i

O D. 15
a 1

EI 5

SECTION A — continued
TURN OVER
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Question 16

Every day, Lucy goes to school by one of three methods: by car, by bus or by walking. The probability that
she goes by car is 0.45 and the probability that she goes by bus is 0.2

When Lucy goes by car, the probability that she arrives early is 0.6. When she goes by bus, the probability
that she arrives early is 0.1. When she walks, she always arrives early.

What is the probability that Lucy goes to school by car, given that she arrives early?

27
A 64
3
B.
1
C. 3
£
D34
35
L

Question 17
The coordinates of the point on a curve with the equation y = Jx that are closest to the point (4, 0) are
A. (0,0)

<
L
o
<
7p)
L
-
Z

B. (33)

WRITE

=

(4,2)

Question 18

At the point where x = k, the tangent to the circle given by the equation x> + (y — 1) = 1 meets the positive
direction of the x-axis at an angle of 135°.

The value of k& could be

DO NOT

B. -1
o L
S
b L
B
E. 0

SECTION A — continued
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Question 19
The set of values of p for which x> — px + 2 = 0 has three distinct, real solutions is

A. (3,o)
B. (-, -3)
C. (-3,3)
D. (-, 3]
E. [3,x)
Question 20

Consider the graphs of two circular functions, f and g, shown on the axes below.

y Y
A A i i
< : :
L i i -
. Fory=gM

o y=fx i i
< /\ | |
% . a a .
— 1 2 3 4 B 2 '3 4
T \/ i i
- i i
Z | |
L x=1 x=3
-
o On the interval x € [0, 4], the number of x-intercepts for the graph of the product function 42 = f x g is
< A. 3

B. 4

C. 5

D. 6

E. 7

-
o
Z
o
(@]

END OF SECTION A
TURN OVER
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SECTION B

Instructions for Section B

Answer all questions in the spaces provided.

In all questions where a numerical answer is required, an exact value must be given unless otherwise
specified.

In questions where more than one mark is available, appropriate working must be shown.

Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Question 1 (10 marks)
2 3
Let f:R—R, f(x) =—§(x—2)3 5

Part of the graph of f is shown below.

<
L
o
<
7p)
L
-
Z

» X

WRITE

1 1 1 1 1 1 1 1 1
0 05 1 1.5 2 25 3\3.5 4 45

a. Find /' (x), the derivative of f, with respect to x. 1 mark

DO NOT

b. Give the coordinates of the stationary point of f. 1 mark

6
c.  The graph of f has a tangent with a gradient of s when x = 1.

6
The graph of f also has a tangent with a gradient of 75 at another point, D.

i. Show that the x-coordinate of D is 3. 1 mark

SECTION B - Question 1 — continued
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ii.

ii.

iv.

11 2022 MATHMETH EXAM 2 (NHT)

Determine the equation of the tangent that touches the graph of f at point D. 1 mark

The tangent to f at point D intersects the graph of f at another point, M.

Give the coordinates of point M. 2 marks

Find the obtuse angle, in degrees, that the tangent to f at point D makes with the positive
direction of the horizontal axis. Give your answer correct to one decimal place. 1 mark

The graph has two regions.
The first region is bounded by the graph of f and the tangent to f at point D.

The second region is bounded by the graph of f, the tangent to f at point D and the
horizontal axis.

Find the total area of the two regions. Give your answer correct to four decimal places. 3 marks

SECTION B - continued
TURN OVER
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Question 2 (12 marks)

Sally is using graph sketching software to design the landscape of the four hills shown in Figure 1
below.

She starts by using the square root functions /4, 4, and h, to model the shapes of three of the four
hills, as shown in Figure 2 below.

N 6

/l\

)

©

Figure 1 Figure 2

The rule for the function /4 is A(x) =~/2 — x.

<
L
o
<
7p)
L
-
Z

a. i. State the maximal domain for /. 1 mark

WRITE

ii. The rule for the function £, is obtained by reflecting the graph of / in the vertical axis.

State the rule for the function hl. 1 mark

DO NOT

SECTION B - Question 2 — continued
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b.
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The rule for the function 7, is 4, (x) =23 —x.

i

ii.

iii.

Write a sequence of two transformations that map the graph of / onto the graph of 4,,. 1 mark

X a 0|l x c .
Let 7] H D ={ }{ j|+ L]} be a transformation that maps the graph of 4 onto the

y 0 bjly
graph of /.
Find one set of possible values for a, b, ¢ and d. 2 marks

Find the value of x for which the slope of the hill defined by the function # is equal to the
slope of the hill defined by the function 7, . 1 mark

SECTION B - Question 2 — continued
TURN OVER
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Sally decides to use a quadratic function, /4, to model the shape of the fourth hill in her landscape.

¢.  Find the rule for 4,, a quadratic function with a stationary point at (4, 6) and which passes
through (2, 2). 2 marks

<
L
o
<
7p)
L
-
Z

Sally believes the function 4, is closely related to the inverse of 4.

WRITE

d. Find the domain and the rule for the function /!, the inverse of (x) =+/2 - x. 2 marks

DO NOT

SECTION B - Question 2 — continued
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. . X 0 1] x 4
e. Consider the transformation 7. 5 = + .
y 1 0}y 4

Does the transformation above map the function / onto the function 4,? Give a reason to
justify your answer. 2 marks

<
Lul
o
<
7p)
L
-
P

WRITE

DO NOT

SECTION B - continued
TURN OVER
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Question 3 (14 marks)
The functions p(x) = 2(1 — ¢ ) and g(x) = 2(1 + ¢ ) are defined over R.

a. Find the area bounded by the graphs of p(x) and ¢(x), and by the lines x =0 and x = 1. 2 marks
b. State if p and ¢ are each strictly increasing, strictly decreasing or neither. 1 mark
c.  Find rules for the functions p! and ¢~ 1. 2 marks

d. Let point 4 be the intersection between p(x) and ¢ !(x), and let point B be the intersection
between ¢(x) and p~!(x).

i. The coordinates of 4, correct to three decimal places, are 4(2.329, 1.805).

Find the coordinates of B, correct to three decimal places. 1 mark

ii. Write the equation of the line that passes through points 4 and B in the form y = mx + c.
Give any approximate values correct to three decimal places. 1 mark

SECTION B - Question 3 — continued
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The function 7 is the product of functions p and ¢, with rule given by r(x) = p(x)g(x).

e. i Show that r(x)=4(1-e2¥). 1 mark

ii. State the domain and the range of r(x). 2 marks

. . . . 1 a?
iii. Find the rule for the function »!. Give your answer in the form = (x) = —loge( 5 J 1 mark
a a‘—x
f. i. Clearly state the equation of the line that the points of intersection between the function r
and its inverse function 7! both lie on. 1 mark

ii. Find the coordinates of the points of intersection between the function » and its inverse
function 7!, Give your answers correct to three decimal places. 2 marks

SECTION B - continued
TURN OVER
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Question 4 (15 marks)

A bakery sells glazed doughnuts. The probability density function that describes the thickness of
the glaze on a glazed doughnut, X, in millimetres, is given by the function

—L(x3—6x2) 0<x<6

S(x)=1 108

0 elsewhere

a. i. Show that the mean thickness of the glaze on the bakery’s doughnuts, in millimetres,

is /J:%- 1 mark

<

(I1]

o

ii. Find the standard deviation of the thickness of the glaze on the bakery’s doughnuts, in <
millimetres. 1 mark

7p)

.-

-

b. i. Find the median thickness of the glaze on the bakery’s doughnuts, in millimetres, correct —
to four decimal places. 1 mark

L
-
o
=

ii. Find the probability that the thickness of the glaze on a randomly selected doughnut is
greater than 2 mm, given that the thickness of the glaze is less than the median thickness
of the glaze. Give your answer correct to two decimal places. 2 marks

DO NOT

SECTION B - Question 4 — continued
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The bakery also sells doughnuts with a custard filling. The amount of custard filling in a custard
doughnut has a normal distribution with a mean of 22 mL and a standard deviation of 2 mL.

¢.  Find the probability that a randomly selected custard doughnut has between 21.5 mL and
25 mL of custard filling, correct to four decimal places. 1 mark

The bakery also sells doughnuts with a jam filling. The amount of jam filling in a jam doughnut
follows a normal distribution. It is known that, on average, 95% of jam doughnuts have at least
15.1 mL of jam filling and 10% of doughnuts have more than 23.9 mL of jam filling.

d. Find the mean and the standard deviation, correct to the nearest millilitre, of jam filling in jam
doughnuts sold by the bakery. 3 marks

A random selection of the bakery’s doughnuts is packed into boxes. The proportion of custard
doughnuts as a proportion of all doughnuts made in the bakery is 0.44

e. i. Find the expected number of custard doughnuts in a box of 25 doughnuts. 1 mark

ii. Find the probability that in a box of 25 doughnuts there are at most seven custard
doughnuts. Use a binomial probability calculation and give your answer correct to four
decimal places. 1 mark

SECTION B - Question 4 — continued
TURN OVER
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f.  Find the minimum number of doughnuts required in a box to ensure that the probability of
having at least 12 custard doughnuts in a box is greater than 90%. 1 mark

g. The bakery staff want to determine whether their customers think their doughnuts are
delicious.

In a random sample of 64 customers, 30 customers said that the bakery’s doughnuts were
delicious.

Let P be the random variable representing the sample proportions in samples of size 64.

i. Find the standard deviation of }3, correct to four decimal places. 1 mark

ii. Find an approximate 95% confidence interval using the sample proportion of customers
who said that the bakery’s doughnuts are delicious, correct to four decimal places. 1 mark

<
L
o
<
7p)
L
-
Z

iii. Interpret the confidence interval you found in part g.ii. in relation to the proportion of
customers who said that the bakery’s doughnuts are delicious. 1 mark

WRITE

DO NOT

SECTION B - continued
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CONTINUES OVER PAGE
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SECTION B - continued
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Question 5 (9 marks)

A spring with a weight attached is suspended from a stand. The base of the weight is 40 cm above a
bench.

The spring is released and moves vertically up and down above the surface of the bench, such
that the height of the base of the weight above the bench over the next 10 seconds is given by the
function

t
h(t)=20e 5cos(27t)+20, 0<¢<10

where ¢ is the time, measured in seconds. A graph of the function 4 over the first 10 seconds is
shown below.

h (centimetres)

A stand
40 r<C
RN spring
30 \ \\\~Y, weight

\~ ~
-~

\ N
ITAVATATAY

20

I—
—
[
7
1
I
[
1
| —
1
\ll
&
——
=
- — - g - — -

10 V \.-r

p ¢ (seconds)

The dashed curve b, lies above the graph of / and the dashed curve b, lies below the graph of 4.
Both b, and b, bound the graph of 4.
t

The dashed curve b, has the equation b, (¢) = 20e 5 +20.

a.  State the equation of the dashed curve b, .

b. Find the average value of the height, in centimetres, of the base of the weight above the bench
over the first 10 seconds. Give your answer correct to two decimal places.

1 mark

2 marks

SECTION B - Question 5 — continued
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c. i. Write down the rule for the derivative of 4. 1 mark

ii. Find the time, in seconds, and the height above the surface of the bench, in centimetres,
of the point of maximum positive rate of change in % over the first 10 seconds. Write
your answer as a coordinate pair, correct to one decimal place. 3 marks

d. Determine the total distance travelled by the base of the weight over the first 2 seconds of its
motion. Give your answer correct to the nearest centimetre. 2 marks

<
Ll
o
<
7p)
L
-
P

WRITE

DO NOT

END OF QUESTION AND ANSWER BOOK
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Mathematical Methods formulas

Mensuration
area of a trapezium %(a +b)h volume of a pyramid %Ah
4

curved §urface area 2rh volume of a sphere PP
of a cylinder 3

. _ | R
volume of a cylinder nr’h area of a triangle Ebc sin(A4)

1 >

volume of a cone gnr h

Calculus
i(x”):nx”_l x"dszx"+1+c, n#-1
dx R n+1

(ax+b)"dx = ! (ax+b)" 1 ve,nz—1
a(n+1)

1
e™dx == e +c¢

s |

j (log, (X)) =

X

%dx=loge(x)+c, x>0

i(sin (ax))=a cos(ax)

sin (ax)dx = —% cos(ax)+c

di(cos (ax))=—a sin(ax)

cos (ax)dx = %sin (ax)+c

d a 2
—(tan(ax))=——=——=a sec” (ax)
dx ( ) cos? (ax)
Jdu_dv
product rule i(uv) =u a + v@ quotient rule i(ﬁj —_dx _ dv
dx dx dx dx\ v V2
hain rul dy dydu
chain rule =
dx du dx
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Probability
Pr(4)=1-Pr(4") Pr(A U B) = Pr(A) + Pr(B) — Pr(4 N B)
Pr(ANB)
Pr(4|B) = ——————=
Pr(B)
mean 1=E(X) variance var(X) = 62 = E((X — p)?) = E(X?) — 12
Probability distribution Mean Variance
discrete Pr(X =x) = p(x) =2 xp(x) o2=Y (x— p)? p(x)
b 0 o
continuous Pria< X <b)= I f(x)dx u= I x f(x)dx o’ = I (x— /,L)2 f(x)dx
Sample proportions
A X A
P=— mean E(P)=p
n
. - approximate ) 5(1-75) . 51— 3
stan.da.rd sd(P) = pa=p) confidence p-z —p( p): ptz —p( p)
deviation n ) n n
interval

END OF FORMULA SHEET
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