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At the end of the examination
* Place the answer sheet for multiple-choice questions inside the front cover of this book.
* You may keep the formula sheet.

Students are NOT permitted to bring mobile phones and/or any other unauthorised electronic devices into
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SECTION A — Multiple-choice questions

Instructions for Section A

Answer all questions in pencil on the answer sheet provided for multiple-choice questions.
Choose the response that is correct for the question.

A correct answer scores 1; an incorrect answer scores 0.

Marks will not be deducted for incorrect answers.

No marks will be given if more than one answer is completed for any question.

Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Question 1

Let f and g be functions such that f(-1) =4, f(2) =5, g(-1) =2, g(2) =7 and g(4) = 6.
The value of g(f(—l)) is

A, 2

=oaw

4
5
6
7

IN THIS AREA

Question 2
Let p(x) = x> — 2ax> + x — 1, where a € R. When p is divided by x + 2, the remainder is 5.

The value of a is
A. 2
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B.
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SECTION A - continued
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Question 3

Let f'(x)= 2

2x-3
If /(6) = 4, then

A, f()=22x-3

B. f(x)=+2x-3-2

C. [f(x)=2+2x-3-2

D. f(x)=+2x-3+2

E. [f(x)=+2x-3
<L
L

uestion 4
o Q
<L The solutions of the equation 2cos(2x —%) +1=0 are
7p) _ _
— A. x=M orxzm,forkeZ
L
= B. x=M 0rx=m forke Z
Z
6k —1
- C. x=% orx:M,forkeZ
- (6k-1) 6 +3
7[ —

- D. XZT orx:u,forkeZ
o
; E. x=ﬂorx=@,forkeZ
o Question 5
O . 3x+2 . . .
=z The graph of the function f:D — R, f(x)= s , where D is the maximal domain, has asymptotes

A, x=-5, y=E
@) 2
ol B y=3,y=5

C x—z =-3

3 >V
D. x=5,y=3

SECTION A — continued
TURN OVER
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Question 6

Part of the graph of y = ' (x) is shown below.

Y
A

U/

<
Ll
. . oc
The corresponding part of the graph of y = f'(x) is best represented by <
A. y B. y
A A 2
XL
[
\/ > //\ > x <
Ll
-
C. y D. y o
N A =
[
o
\/ o /\\ . =
@)
(@]
E.

> <

SECTION A - continued
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Question 7
If f(x)= eg()‘z), where g is a differentiable function, then f'(x) is equal to
A, 2xe8™)
B. 2xg(x2)eg(x2)
C. 2xg’(x2)eg(x2)
D. 2xg’(2x)eg(x2)
E. 2xg'(x?)es®)
Question 8
Items are packed in boxes of 25 and the mean number of defective items per box is 1.4
<L Assuming that the probability of an item being defective is binomially distributed, the probability that a box contains
L more than three defective items, correct to three decimal places, is
o A. 0.037
<L B. 0.048
C. 0.056
2 D. 0.114
T E. 0.162
[
uestion 9
< © 8 2
- If J‘ f(x)dx =35, then J. f(2(x + 2))dx is equal to
4 0
L
A, 12
-
POl B. 10
o
< B
= v -
(@) 2
a >
E. 5
@)
(] Question 10

Given that log, (n + 1) = x, the values of n for which x is a positive integer are
A, n=2keZz"

B. n=2k—1,keZ"
C. n=2k1fkez
D. n=2k-1,keZ
E. n=2kkeZ

SECTION A — continued
TURN OVER
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Question 11

The lengths of plastic pipes that are cut by a particular machine are a normally distributed random variable, X, with a
mean of 250 mm.

Z is the standard normal random variable.
If Pr(X < 259) =1 — Pr(Z > 1.5), then the standard deviation of the lengths of plastic pipes, in millimetres, is
A. 15

B. 3
C. 6
D. 9
E. 12

Question 12
A clock has a minute hand that is 10 cm long and a clock face with a radius of 15 ¢cm, as shown below.

—————— tip of the minute hand

h centimetres

IN THIS AREA

e

base of the clock face

At 12.00 noon, both hands of the clock point vertically upwards and the tip of the minute hand is at its maximum
distance above the base of the clock face.

The height, / centimetres, of the tip of the minute hand above the base of the clock face ¢ minutes after 12.00 noon is
given by

Ll
(-
o
=
-
O
Z
o
(@]

t
A. h(@®)=15+10sin| —
0 &

Tt

30]
J

B. h(t)=15—IOsin[
C. h(l)=15+10$in(—
D. A(t)=15+10cos

E. h(t)=15+10cos

SECTION A - continued
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Question 13

2020 MATHMETH EXAM 2

The transformation 7 : R? —> R? that maps the graph of y = cos (x) onto the graph of y = cos (2x + 4) is

A T
B. T
C. T
LY ]
D. T
E. T

Question 14

Hin

The random variable X is normally distributed.

The mean of X is twice the standard deviation of X.
If Pr(X>5.2) = 0.9, then the standard deviation of X is closest to

A.  7.238
B. 14.476
C 3.327
D. 1.585
E 3.169

SECTION A — continued
TURN OVER
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Question 15
Part of the graph of a function f, where a > 0, is shown below.

y
A
(—2a, 2a) / f
N
N
(a, a)
<
> X L
\\ 9 o
<C
(09 _a) U)
XL
[
The average value of the function f over the interval [2a, a] is =
A. 0 —
a L
B. 3 -
C. % o-
© g [
o
E. a Z
o
(@]

SECTION A - continued
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Question 16

A right-angled triangle, OBC, is formed using the horizontal axis and the point C(m, 9 — m?), where m € (0, 3),
on the parabola y = 9 — x2, as shown below.

Y
A
y=9—x2

® » X

0 B(m, 0)

The maximum area of the triangle OBC is

A.

B.

E.

3

3

23

3
V3

33

93

Question 17
Let f(x) =—log,(x + 2).
A tangent to the graph of f has a vertical axis intercept at (0, ¢).

The maximum value of ¢ is

A.

Sl

-1

~1+1log, (2)
~log, (2)
1~ log, (2)
log, (2)

2020 MATHMETH EXAM 2

SECTION A — continued
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Question 18

Leta € (0, ©)and b € R.

Consider the function 4 :[—a,0) U (0, a] = R, h(x) = L
The range of 4 is ~

A.

=S 0R

[b—1,b+1]
(b-1,b+1)

(o0, b—1) U (b+1,0)
(oo, b—1]U[b+1,0)
[b—1, )

Question 19

Shown below is the graph of p, which is the probability function for the number of times, x, that a ‘6’ is rolled on a

fair six-sided die in 20 trials.

Let g be the probability function for the number of times, w, that a ‘6’ is not rolled on a fair six-sided die in 20 trials.

px)
A
0.3
L
0.2 ® ®
{ ]
0.1 1%
[ ]
[ ] [ ]
0 %2 c0000000000)
01234567 891011121314151617181920

g(w) is given by
A, p(20—w)
w
B. I-—
p( 20)
w
C. —
p(zoj
D. pw-20)
E. 1-pw)

X

SECTION A - continued
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Question 20
Let /: R — R, f(x) = cos(ax), where a € R\{0}, be a function with the property
f@X)=f(x+h),forallh e Z

Letg: D — R, g(x) = log, (f(x)) be a function where the range of g is [1, 0].
A possible interval for D is

1 i}
A. 147 12
7
1, -
B J
< e 2,2}
| 1 3
o o
——, 0
« EXEX
n 1 l}
E E 12° 4
-
Z
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END OF SECTION A
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SECTION B

Instructions for Section B

Answer all questions in the spaces provided.

In all questions where a numerical answer is required, an exact value must be given unless otherwise specified.
In questions where more than one mark is available, appropriate working must be shown.

Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Question 1 (11 marks)
Let f: R — R, f(x) = a(x + 2)*(x — 2)?, where a € R. Part of the graph of f'is shown below.

<C
y L
A f o
<
0,4)
7p]
L
[
» X

(200 O 2.0) =
Ll
-
(0
1 -
a. Show thata = T 1 mark @)
Z
@)
(]

b. Express f(x)= i(x +2)%(x—2)? in the form f(x)= ix“ +bx? + ¢, where b and c are integers. 1 mark

SECTION B - Question 1 — continued
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Part of the graph of the derivative function /" is shown below.

Y
A s
2.0] 0 o
c. i. Write the rule for /" in terms of x.

2020 MATHMETH EXAM 2

1 mark

ii. Find the minimum value of the graph of /' on the interval x € (0, 2).

2 marks

1
Let h: R — R, h(x)= —Z(x +2)? (x—2)% +2. Parts of the graphs of f and 4 are shown below.

y
f
(0,4)

0
(-2, 0)\ / 2, 0) >

d. Write a sequence of two transformations that map the graph of f onto the graph of 4.

1 mark

SECTION B — Question 1 — continued

TURN OVER
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-2, 0)\0 / (2,0) >

e. i. State the values of x for which the graphs of f'and / intersect. 1 mark

ii. Write down a definite integral that will give the total area of the shaded regions in the graph
above. 1 mark

IN THIS AREA

ili. Find the total area of the shaded regions in the graph above. Give your answer correct to two
decimal places. 1 mark

f.  Let D be the vertical distance between the graphs of f'and 4.

Find all values of x for which D is at most 2 units. Give your answers correct to two decimal places. 2 marks
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SECTION B - continued
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IN THIS AREA

CONTINUES OVER PAGE
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Question 2 (11 marks)

An area of parkland has a river running through it, as shown below. The river is shown shaded.

The north bank of the river is modelled by the function f, :[0,200]— R, f,(x) =20 cos[ﬁ)—z) +40.

The south bank of the river is modelled by the function £, :[0,200] — R, £, (x) =20 cos(%j +30.

The horizontal axis points east and the vertical axis points north.

All distances are measured in metres.

Y
A
80

north

IN THIS AREA

T T }x
0 50 100 150 200

A swimmer always starts at point P, which has coordinates (50, 30).

Assume that no movement of water in the river affects the motion or path of the swimmer, which is always
a straight line.

a. The swimmer swims north from point P.

Find the distance, in metres, that the swimmer needs to swim to get to the north bank of the river. 1 mark
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SECTION B - Question 2 — continued
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b.

17 2020 MATHMETH EXAM 2

The swimmer swims east from point P.

Find the distance, in metres, that the swimmer needs to swim to get to the north bank of the river. 2 marks

On another occasion, the swimmer swims the minimum distance from point P to the north bank of the
river.

Find this minimum distance. Give your answer in metres, correct to one decimal place. 2 marks

Calculate the surface area of the section of the river shown on the graph on page 16, in square metres. 1 mark

A horizontal line is drawn through point P. The section of the river that is south of the line is declared
a ‘no swimming’ zone.

Find the area of the ‘no swimming’ zone, correct to the nearest square metre. 3 marks

SECTION B — Question 2 — continued
TURN OVER
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f.  Scientists observe that the north bank of the river is changing over time. It is moving further
north from its current position. They model its predicted new location using the function with rule
v=kf (x), where k> 1.

Find the values of & for which the distance north across the river, for all parts of the river, is strictly
less than 20 m. 2 marks

IN THIS AREA
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Question 3 (12 marks)

A transport company has detailed records of all its deliveries. The number of minutes a delivery is made
before or after its scheduled delivery time can be modelled as a normally distributed random variable, 7,
with a mean of zero and a standard deviation of four minutes. A graph of the probability distribution of 7"is
shown below.

> <

/ AN

/ \
7 \\\

-12-11-10 9 876 54-3-2-101 12 3 4 5 6 7 8 91011 12

a. IfPr(T'<a)=0.6,find a to the nearest minute. 1 mark

IN THIS AREA

b. Find the probability, correct to three decimal places, of a delivery being no later than three minutes
after its scheduled delivery time, given that it arrives after its scheduled delivery time. 2 marks
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SECTION B — Question 3 — continued
TURN OVER
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c.  Using the model described on page 19, the transport company can make 46.48% of its deliveries over
the interval -3 <¢< 2.

It has an improved delivery model with a mean of k£ and a standard deviation of four minutes.

Find the values of £, correct to one decimal place, so that 46.48% of the transport company’s deliveries
can be made over the interval 4.5 <¢<0.5 3 marks

A rival transport company claims that there is a 0.85 probability that each delivery it makes will arrive on
time or earlier.

Assume that whether each delivery is on time or earlier is independent of other deliveries.

d. Assuming that the rival company’s claim is true, find the probability that on a day in which the rival
company makes eight deliveries, fewer than half of them arrive on time or earlier. Give your answer
correct to three decimal places. 2 marks

e. Assuming that the rival company’s claim is true, consider a day in which it makes » deliveries.

i. Express, in terms of n, the probability that one or more deliveries will not arrive on time or
earlier. 1 mark

ii. Hence, or otherwise, find the minimum value of n such that there is at least a 0.95 probability that
one or more deliveries will not arrive on time or earlier. 1 mark

SECTION B - Question 3 — continued
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f.  An analyst from a government department believes the rival transport company’s claim is only true for
deliveries made before 4 pm. For deliveries made after 4 pm, the analyst believes the probability of a
delivery arriving on time or earlier is x, where 0.3 <x < 0.7

After observing a large number of the rival transport company’s deliveries, the analyst believes that
the overall probability that a delivery arrives on time or earlier is actually 0.75

Let the probability that a delivery is made after 4 pm be y.

Assuming that the analyst’s beliefs are true, find the minimum and maximum values of y. 2 marks

IN THIS AREA
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SECTION B - continued
TURN OVER



2020 MATHMETH EXAM 2 22

Question 4 (13 marks)

The graph of the function f(x)=2xe!!~ xz), where 0 <x < 3, is shown below.

y
A

)

a. Find the slope of the tangent to fat x = 1.

1 mark

b. Find the obtuse angle that the tangent to f at x = 1 makes with the positive direction of the horizontal

axis. Give your answer correct to the nearest degree.

1 mark

c.  Find the slope of the tangent to f at a point x = p. Give your answer in terms of p. 1 mark

SECTION B - Question 4 — continued
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d. i. Find the value of p for which the tangent to f'at x = 1 and the tangent to f'at x = p are
perpendicular to each other. Give your answer correct to three decimal places. 2 marks

ii. Hence, find the coordinates of the point where the tangents to the graph of fatx=1and x=p
intersect when they are perpendicular. Give your answer correct to two decimal places. 3 marks

IN THIS AREA
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SECTION B — Question 4 — continued
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Two line segments connect the points (0, £(0)) and (3, f(3)) to a single point Q(n, f(n)), where
1 <n <3, as shown in the graph below.

y
A

O(n, f(n))

(3./0)
» X

(0, £(0))

e. i. The first line segment connects the point (0, f (O)) and the point Q(n, f(n)), where 1 <n <3.

Find the equation of this line segment in terms of 7. 1 mark

IN THIS AREA

ii. The second line segment connects the point O(n, f(n)) and the point (3, f(3)), where I <n <3.

Find the equation of this line segment in terms of 7. 1 mark

iii. Find the value of n, where 1 <n < 3, if there are equal areas between the function f and each line
segment. Give your answer correct to three decimal places. 3 marks
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Question 5 (13 marks)

Let f:R >R, f(x)=x>—x.

Let g, : R — R be the function representing the tangent to the graph of f at x = a, where a € R.
Let (b, 0) be the x-intercept of the graph of g,,.

243

a. Show that b= 3 marks
3a% -1
<L
L
(0
<
7))
XL
[
Z
b.  State the values of a for which b does not exist. 1 mark
L
-
o
— c.  State the nature of the graph of g, when b does not exist. 1 mark
o
Z
@)
= d. i. State all values of a for which b = 1.1. Give your answers correct to four decimal places. 1 mark
ii. The graph of f has an x-intercept at (1, 0).
State the values of a for which 1 < < 1.1. Give your answers correct to three decimal places. 1 mark

SECTION B - Question 5 — continued
TURN OVER
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The coordinate (b, 0) is the horizontal axis intercept of g,,.
Let g, be the function representing the tangent to the graph of f'at x = b, as shown in the graph below.

y
A
g, 14
A
L
i b
l 0 ; —» x <
2 S : 1 2 W
' o
1 <
(7p)
14 T
[
Z
e. Find the values of a for which the graphs of g, and g;,, where b exists, are parallel and where b # a. 3 marks —
L
-
o
[
o
Z
@)
(@]
Letp : R — R, p(x) = x> + wx, where w € R.
f.  Show that p(—x) = —p(x) for all w € R. 1 mark

SECTION B - Question 5 — continued
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A property of the graphs of p is that two distinct parallel tangents will always occur at (t, p(t)) and
(—l, p(—t)) for all £ # 0.

g. Find all values of w such that a tangent to the graph of p at (t, p(t)), for some ¢ > 0, will have an
x-intercept at (-, 0). 1 mark

0 h
h. Let T:R> —>R2,THXD:{’% }HJ{ },where m,n e R0} and , k € R,
y 0 nily k

State any restrictions on the values of m, n, & and £, given that the image of p under the transformation
T always has the property that parallel tangents occur at x =—¢ and x = ¢ for all 7 # 0. 1 mark

END OF QUESTION AND ANSWER BOOK
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Mathematical Methods formulas

Mensuration
area of a trapezium %(a +b)h volume of a pyramid %Ah
4

curved §urface area 2rrh volume of a sphere —nr
of a cylinder 3

. _ | R
volume of a cylinder nr’h area of a triangle Ebc sin(A4)

1 >

volume of a cone gnr h

Calculus
i(x”):nx”_l x"dszx"+1+c, n#-1
dx R n+1

(ax+b)"dx = ! (ax+b)" 1 ve,nz—1
a(n+1)

1
e™dx == e +c¢

s |

j (log, (X)) =

X

%dx=loge(x)+c, x>0

i(sin (ax))=a cos(ax)

sin (ax)dx = —% cos(ax)+c

di(cos (ax))=—a sin(ax)

cos (ax)dx = %sin (ax)+c

d a 2
—(tan(ax))=——=——=a sec” (ax)
dx ( ) cos? (ax)
Jdu_dv
product rule i(uv) =u a + v@ quotient rule i(ﬁj —_dx _ dv
dx dx dx dx\ v V2
hain rul dy dydu
chain rule =
dx du dx




Probability

MATHMETH EXAM

Pr(4) = 1 — Pr(4)

Pr(4 U B) = Pr(4) + Pr(B) — Pr(4 N B)

Pr(ANB)
Pr(4|B) = ————
Pr(B)
Probability distribution Mean Variance
. p =1 5
Bernoulli Pr(X=x)= - p o u=p o =p(l-p)
. . n X n—x 2
binomial Pr(X =x)= (xj p (1-p) u=np o =np(l —p)
I(x-p ’
1 « A 2
norma Pr(X<a)=| ——c¢ dx H o
-0 o271

END OF FORMULA SHEET
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