The Mathematical Association of Victoria

Trial Examination 2016

MATHEMATICAL METHODS

Written Examination 2 - SOLUTIONS

SECTION A
1.A 2.C 3.E 4C 5 A 6D 7.E 8B 9.B 10.A

11.E 12.D 13.A 14.E 15.B 16.D 17.D 18.C 19.C 20.B

SECTION A
Question 1

f:R—=R, f(x)= —2—3cos(%+l)

The range is [-3-2,3-2]=[-5.1]

The Period is 2T” =8z A
4

Question 2

g :[—3ﬂ,ﬂ’]—> R,g(x) =3sin(2(x—%)) +1

There are 9 intersections when k£ =1. C
MAV2016..am2 <  Rao{JI| B9

solve(f] (x)= 1, ) A

EEUT =30 1
X=-3 T orx= orx=-2'Jmorx= or x»
[ /\(3.14,1) 2 2
IV O VY A WY A Y £2 () =1 X solve(f]((\')=1,x)
0

o [ SN N ! .
i -3 7 -1t T
5 « or X="7t or x==— 0r x=0 or x="— or Xx=7

2 2 2
i
f1 (\')={3- sin(.?- (x——))+ 1,-3 msx=m
2

-6.67 1 . S
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define f(x)=33in(2(x—%))+1

solve(f(x)=1|-3rnsx<x, x)
=5 -3+

{x=0, X==3*W, X==2*W, X=—T, X=R, X= 5 X= 2

Question 3

The domain of f ( g(x)) is the same as the domain of g where g(x) = tan(7zx).

1
The asymptotes of g have equations y = 3 +kkEZ.

1
Hence the domain of f(g(x)) is R\{5+k},k62 E

Question 4

sin(3—” - x) = —cos(x)
2

V157 =22 =221

. (37 \221
sin| —-x |=——— C
2 15
Question 5
2
y=2x2+3x—1=2(x+§) —1—7
4 8

The graph of y = x* has been dilated by a factor of 2 from the x-axis and
3 . 17 .
Then translated 2 units to the left and Y units down.

A possible rule for the transformation 7" : R* =R is

3

"(E)- I :

8
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Question 6
S(x)= x%
F0E3) (227 =2y
7o () =(x? )% (v )% =x ’
m‘m‘ [EY > “MAV2016..am2 <
E Done
Definef(X)=x 2

Lo

A2 2)A) A7) e

£ Edit Action Interactive

2] b [fea]sme o [+ [ o]

3
define f(x)=x 2
done
judge (f (a2 2)=f (22)f(x2)
TRUE

Using counter examples

f)=f@) (), f(-1x-1)=1,f(=1)x f(~1) has no real solution

f (1) S  f ( ) lf (=D has no real solution
v S’ 1 F(=1)
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& Edit Action Interactive

03 | v | faea | sive | 50| w [ 445 | v

define f(a)=x %
done
judge(f ()=t (x)f(¥)
Undefined
judge (f ( %)=%
Undefined

SO+ =@+ (). fA+D =22, fD)+ f(1) =2
JE=»=f®)-f», fC-D=LfDH-f1)=0

Question 7

Whenx=0,y=0.5.

Either C or E

Whenx =2, y=0.35
1

= E
g V4 +x°
y
T
/:[0);]
1] , N

=05+
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Question 8

fi(Le) =R, f(x)= +2

3
(x-1)

Range is (2,00) which is the domain of the inverse function.

3
Let y= +
e
Inverse swap x and y.

3
(r-

)
[3
== +1
4 x-2
y=4 32 +1, as the domain of fis (1,»).

x= S +2

fi(2,0) =R, [T (x) = B
solve(x—
A (-1)° '
-2 -3 Jx-2 +3
ory
x-2 x-2
A promec( X243 ) \/3_ +1
x-2 x-2
! ~
¥ Edit Action Interactive
uﬂ%ld‘jhlﬁﬁjj‘ﬁimplﬁ_hy L ]—H;*[— ¥ ’
3 3
solve[x= 5 +2,v
(y—-1) J

simplify ( %4;:’5
V3
+
Vx—2 L
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Question 9
The point (1, 2) is on the curve of /.
Thus the gradient of the graph of fatx =1 is 2. B
VALY
6 -
4 4
5 1
] (1,2)
I —* } } — x
-1 1 1 2 3
ST
4l
o1

Question 10
If f(x)=ax’ +bx* +cx’ +dx’ +ex +h has a stationary point of inflection at (=3,0)

and a turning point at (2, 0) then f(x) =a(x +3)’(x -2).
h=ax3 ><(—2)2 =108a

ﬁ=108 A

a

Question 11

;
f(x)=-2x2, y=—41to y=-1
2

Solve f(x)=-4,x=27

2
and f(x)=-1,x=2"7
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£ Edit Action Interactive
ui_s,% [‘{h,l > Ifﬁ;:llgmlpp_d‘ff Y I-"—l-)— v

7

2

define f(xa)=—2x

solve(f(x)=—4, x)

solve(f(x)=-1, x)

Average rate of change =

© The Mathematical Association of Victoria, 2016
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E 3.2 —
1
f-:47:-—f(L1)
47
1
T__ 1
1T
A7
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Question 12
log,(b) =c and log (a)=b
log,(b) +log.(a)=b+c

log, () + 28D _p
og,(c)

=b+c

log, (b) + 1

a

loga(é)#b+c D
C

Question 13
f’(x) =2x’ - 2x

f(x) =f(2x3 - 2x)dx

=—-Xx"+c
9
2)=2
r)-2
4
2=2——22+c
2 2
1
C=—
2

4
Solve x?—xz +%=0 for x.

x==1 A

x4 ol x=-1orx=1
solve|=—-x“+=—=0,x
2

[<]
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£ Edit Action Interactive

Ea] o [a[sm] [ [ ]

a
f 2-x3—2-xdx u
a
4
define f(::lr:)=]b(7—x2
done
_9
solve[f(Z)—z.c]
c=—
4
solve %—x2+%—0 X
{x=-1,x=1}
p
C

Alg Standard Real Rad
Question 14

}(g(x) ) dx=-3

2

L)

(1 2g(x) )dx

NUJ

f l)dx 4f g(x)

3
=2[x] - 4x3
=-14 E
Question 15

Area = %(e°+e+e2+e3)

=%(1+e+e2+e3)

The rectangles are below the curve.

Underestimate B

Question 16

Solvea+a?+a®+a*=1fora

a = 051879

E(X) = a? + 2 xa® + 3xa* ~ 0.766

Var(X) = a? + 4a® + 9a* — (0.765714 ...)? ~ 0.893
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2

+a3+a4=1,a)
a=-1.29065 or a=0.51879

solve(a+a

a?+2 a>+3 a*ja=0.51879 0.765714

2 2

a?+4- a>+9- a*-(0.76571449140829) %|a=C"
0.893281

£ Edit Action Interactive

B3 | S |18 Sime |25 | v [ A | v

‘deﬁnef(a)=a+a2+a3+a4
done
|solve(f(a)=1,a)
{a=-1.290648801,a=0.5187900637}
0.5187900637»a
0.5187900637

0xa+1xa2+2xa3+3xa4
N_7TRET1ATR71

-

Alg Decimal Real Rad

£ Edit Action Interactive

o [ [ TOT)

{a=-1.290648801,a=0.5187900637}
0.5187900637»a

0.5187900637

2

3 4

Oxa+1xXa“+2Xa°+3xXa

0.7657147671

Oxa+12xa?+22xa3+32xa%-0. 76571476712
0.893281373

Alg Decimal Real Rad

Question 17

J J'
R 0.3p 0.7p p
R | 03-03p P’ 1-p
0.3 0.7 1

Independent events Pr(J NR ) = Pr(J ) X Pr(R)
Let a=Pr(JNR)=03p

03+p-a+p =1

Solve p* +0.7p—0.7 =0 for p.

© The Mathematical Association of Victoria, 2016
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329 -7

p=

20
a=03p

3(v329-7)

o D
200

p=-1.256918 or p=0.5569179

£ Edit Action Interactive

%53 | v | Fa [ sime S35 |+ [ 14| +

solve(U. 7-p+p2=0. 7, p)
{p=—v329 T _v329 7}

20 20°'PT 20 20

—

Question 18
Solve f(loge(x))dx =1 for a.
1

Var(X)=E(xX*)-(E(X))

Var(X) = e (x2 log, (x))dx - (}(xloge(x))dx)
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£ Edit Action Interactive

[ [l [ [ [ -

a
solve[f ln(x)dx=1,a]
1

{a=e}
e , e <
expand ] x“en(x)dx— [ x+In(x)dx
1 1

—e4,2’e3 ez, 7
16 © 9 8 144

Alg Standard Real Rad {17

Question 19
n=2000 and p = 0.2. Since  is large, the distribution of P is approximately

normal with 02 and o= 0.2x0.8
“= 2000

Pr 380 <X<ﬂ ~0.868 C
2000 2000

380 550 0.2:0.8 [
norm Cdf] ) ,0.2, |[————
2000 2000 2000

0.8682237

400- 1600
380,550,400, [——
2000

0.8682237

norm Cdf
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£ Edit Action Interactive

el FUT Ffoon | S A R RN o
380 550 [0.2+0.8 ]
“°’mCDf[2000' 2000°y 2000 *0-2

0.8682237614
/400-1600
normCDf[380,550, 2000 ,400]

0.8682237614

p
Alg Standard Real Rad ({11
Question 20

If 200 such samples were taken, 0.9x200 =180 of the confidence intervals

would be expected to contain p. B

© The Mathematical Association of Victoria, 2016
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SECTION B
EXTENDED RESPONSE QUESTIONS

Question 1 (14 marks)
2
a. f(x)=ax?

) _ 16
Substitute the point —8,?

16 2
—al-8)3
3= e(-8)
1
?6= a 1M Show that
4
a=—
3
b. Shape 1A
Endpoints 1A
y
8__
(5] :
3 61 8.7
y
2__
: : | = x
-10 -5 0] 5 10
oL

¢. f,(x) = f(-x)reflects the graph over the y-axis.
2
As the function f (x)= §x3 is an even function the transformation described makes no difference. 1A

d.

- . o g 2
* adilation of a factor of 2 units from the x-axis gives y = §x3

then
2

* atranslation of 3 units up gives f,(x) = g X3 +3 1A

© The Mathematical Association of Victoria, 2016
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e.
2
* areflection in the x-axis gives y, = —— x3
4 2
* areflection in the y-axis gives y, = ——(-x)3 = ——x?
3 3
2
* a translation of 1 unit in the positive direction of the y-axis gives y, = — §x3 +1
2
* a translation of 3 units in the positive direction of the x-axis gives y, = — g (x - 3)3 +1
. . 4 2
The image equationis f;(x) = —g(x—3)3 +1 2A

5 5 X 20
. T:R*—>RT - 1
y[) 10 -3

o2 [}

Rearrange to get

ol

2x+1 X,
-1y+2| |y

x -1
X =

y==1 =—3(y1—2) 1M

. . . 4 3
Susbtitute to find the image equation for f'(x) = 3 x3.

2
_3(y1 —2) = %(Xlz—l)s

1M
Image equation is
2
4(x -1\3
=—— +2
N 9( > )
2
Givi g Afx=ly 1A
iving y=2—-—| ——
gy 9| 2

2

9

4(x-1)\3
g. y=2-—| ——| givesadilation of a factor of 2 from y-axis and a translation of 1 unit in the positive
2

2
direction of the x-axis from the original function f(x) = 3 x3 where the domain was [—8,8].

A dilation of a factor of 2 from y-axis gives the domain [—16,16].

Then a translation of 1 unit in the positive direction of the x-axis gives a domain [—15, 17]. 1A

© The Mathematical Association of Victoria, 2016
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h. Shape 1A
Endpoints 1A
Coordinates of Cusp and

. 4(1)3
y-intercept |0, 2—5 — 1A

© The Mathematical Association of Victoria, 2016
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Question 2 (15 marks)

. JT
a. P(0)=95+16s1n(g(0—7.5))

=95-16sin(£)
2

=95-16
=79

79 beats per minute

1M Show that

£ Edit Action Interactive

E3| or | ] sime | 250w [ | +

define f(t)=95+168in(1n—5(t—7. 5))
done
f(0)
79
b. Period = 27 =30 1A
s
Amplitude = 16 1A
¢. P(t)=95+16sin| " (¢~7.5)
15
P'(t)=16x"—cos| -(¢~17.5) 1A
15 15
P'(t)= 16—”005 T
15 15 2
l6m A 1)
=——cos| —-"—
15 2 15
Giving P'(t)= l16—5ﬂsin (;[—St) . 1M Show that

167 . (at
d. Solve ——sin| —
15 15

16 . (&t
—sin|—1[=0
15 15

sin zt =0
15

L 0,7,2m,3m,471
15

t=0,15,30,45,60

) =0 for xE[O, 60] 2cycles  IM

© The Mathematical Association of Victoria, 2016
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............. TR EE NN AN AR RN R AR EE AR NN A NS R NN NN RE AR R w]

From the graph the local max occurs at =15 and ¢t =45

e. P, :[0,60]— R, P, (1)=0.01(+85)x P()

Shape 1A
Turning points 1A
Endpoints 1A
Y
150 (46,145)
(17 ,112)
(60, 115)
(29,90)
. 1
0 20 40 60
¥
(46.213,144.97)

(16.573,111.87)

.........................................

(29.001,90.459)
(0,67.15) : :

x

0L T L e i F it

s [ Os
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f. Maximum heart rate = 144.97 beats /minute
Maximum heart rate rounded to the nearest whole number = 145 beats /minute 1A

g. Find when Py(t) has its greatest magnitude 1M
t=37.9 minutes 1A

EBEEEY ‘tx2m2vA.016 < rao {JI| P9

N T

Ho '_ """" \/ """" \ """" 7'0
T 3.67

(s2. 8
£3(x)={-0.16- cos(0.209- x)+0.034 (x+85.)- sin]
6.67 1
h. Solve the equation 0.0l(t + 85) =1 givest=15 1A

solve(0.01-(t+85)=1,t)
{t=15}
O

Solve 95+16sin(%(t—7.5)) - 0.01(t+85)xP(t)

95+16sin(%(f—7.5)) - 0.01(t+85)x(95+16sin(%(f—7.5)))

Gives the equation 1 =0.01 (t + 85) where previously found solution 7= 15

So Sarah’s pulse equals Stephen’s pulse at = 15.

¥

(15,111}

H x
LIS Y U w

Es | Oy

Looking at the graph
Sarah’s pulse can be measured to be lower than her twin brother Stephen’s

for t € (15,60] 1A

© The Mathematical Association of Victoria, 2016
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Question 3 (17 marks)
a. X : N(135,100)

Pr(X > 150) =0.0668...= 7% to the nearest whole percent. 1A
*MAVExam..016 <  RaD{JI|E9)

(2]
normCdf(150,,135,10) 0.066807 (
b. Pr(X > x) =0.8
Pr(X < x) =0.2
x =127 days to the nearest whole number 1A

41112 MAVExam.016 <  Rao {Ji| B9

invNorm(0.2,135,10) 126.584 H

¢. Y: Bi(500,0.7) 1A
Pr(Y > 360) = Pr(Y = 361) =0.1527 correct to 4 decimal places. 1A

EEREEAEE) AvExam.016  Rao{E

binomCdf(500,0.7,361,500) 0.152659 H
d. 7 : N(350,500%0.7x0.3) M
Pr(W > 360) =0.1646 correct to 4 decimal places. 1A

11213 ] 1.4 DRUNGEUNOIECIE | <

normCdf(360,%,350,y/500-0.7-0.3 )

0.164557
e. u=0.7
o [07x03 _ 105
500 500
0.7—2><£,0.7+2><15 1M
500 500

Pr(0.6590... < P <0.7409...) = Pr(329.5...< X =370.4... ™M
= Pr(330 < X <370)
= 0.9547 correct to four decimal places. 1A

© The Mathematical Association of Victoria, 2016

20



2016 MAV Mathematical Methods Trial Exam 2 Solutions

AW

4151 rao {11 B9
0703 0.659012
0.7-2 =
500
0.7-0.3 0.740988
0.7+2 |=—————
500
0.65901219693616- 500 329.506
0.74098780306384- 500 370.494
binomCdf(500,0.7,330,370) 0.954713
f. (0.7649, 0.8351) 1A
zInterval_1Prop 400,500,0.95: stat.resuits ]
"Title"  "1-Prop z Interval"
"CLower" 0.764939
"CUpper" 0.835061
l|ﬁ'l 0.8
"ME" 0.035061
"n" 500.
g.
Proportion of 1
yellow balls 0 4
p
Pr(ﬁ’ = f?) 1 10
22 33

Without replacement
6 5 4 3 1
—X—X—X—=— 1A
11 10 9 8 22
5 6 5 4 10
4x—x—x—X—=— 1A
11 10 9 8 33
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e A
5.5 42 =l 285 5
= —. 2.5 el
Ll 11 10 9 8 11
5 6 5 4 10
g o—— == — 5 4 3 6 2
11 10 9 8 33 & — — == -
11 10 9 8 11
5 4 5 5
6 —. —. =2 — 5 4 3 2 1
11 10 9 8 11 _——— = —
11 10 9 8 66
306 2
b= —
11 10 9 R 11 N
Pr(f)=lﬂf’>)
h Pr(f’=1|P ik 1 M
Pr 13>—
72)
1
_66 _1 1A
13 13
66
i. Pr(XX >200)=0.1Pr(X <185)=0.05 IM
200 - _
Pr(Z> ”)=0.1,Pr(2<175 ”)=o.05
o o
200-p 1 ogy5. 371 ) eaas.. M
(o) (o
u=189 days, 0 =9 days 1A

invNorm(0.9,0,1) 1.28155

invNorm(0.05,0,1) -1.64485

200-a 175-a
=1.2815515665787 and
b b

@=189.052 and »=8.5429

solve »
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2016 MAV Mathematical Methods Trial Exam 2 Solutions

Question 4 (14 marks)

a. shape 1A
asymptotes with equations 1A
coordinates of axial-intercepts 1A

y
to+fix =1

b.Let y =
x-1

Inverse swap x and y.

Solve x = Y

. for y.
Lt
x-1
Hence f(x)=f""(x) 1A

mER\{—l,o} 1A

OR

© The Mathematical Association of Victoria, 2016
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m+n

g(x)=1+
X+n

Horizontal asymptote at y=1

Vertical asymptote at x =1

n=-1 1A
mER\{—l,O} 1A

y+m -(n-x—m)
solve|x= Y y=
y+n x-1
|
b ax+m
d. 7:R\I——L—= R h(x)=
n bx +n
B () = -nx+m
*) bx-a
ax+m=-nx+m, bx—-a=bx+n
a=-n 1M Show that

[EEBEBE> *vAvExam.016<  rac{llEd

+ -l x—
FAN solve(x=a b4 m‘ Y= (n a m)
b-y+n b x-a
e bR\ <" s Rop () = 22 F2
4 4x+n
n=-3 1A
f. WZR—>R,W(X)=—(2X—1)3+%
1 1
w'(x)=—=|3|=-x|+1
(x) 511 2
Solve w(x)=w"(x) for x. 1M
2-V2 1 2442
= ,X=—0rx=
4 2 4

4 7 4 272 4 7 4

(2-ﬁ 2+ﬁ)’(1 l)’(2+\/§ 2-ﬁ) H
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4 2 4
1
2 (1( 1 L1
g.Area=2f — 3(——x)+1 —(—(Zx—l) +—) dx 1M
225l 2 2 2
4
1
=— 1A
8

rao {011 P9

‘EEEEEGEEEd > “AVExam.016 <

_Jtext \

h. w, :R—=Rw, (x)=-(rx=1)’ +s

s =— 1A

r
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