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SECTION 1

Instructions for Section 1

Answer all questions in pencil on the multiple-choice answer sheet.
Select the response that is correct for the question.

A correct answer scores 1 mark, an incorrect answer scores 0.
Marks will not be deducted for incorrect answers.

If more than one answer is selected no marks will be awarded.

Question 1
The function f :[0,27] - R, f(x) =1-3sin(2x —%) has a range and period respectively of

A [0,3] and 2

B. [-1,3] and 27
C. [-2,4] and «
D. [-3,3] and =
E. [-2,4] and 2«
Question 2

The range of the function f(x) = e’ -3 is

A. [-2,0)
B. R*

C. (-2,0]
D. (-2,0)
E. (—3,0)

SECTION 1 - continued
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Question 3

The diagram below shows one cycle of the graph of a circular function.

A possible equation for the function whose graph is shown is

A y =2 —2sin(4x)
B. y =—2—2sin(4x)
C. y =4 —2sin(472x)
D.

y=-2- Zsin(% X)

E. y:—2—23in(%x)

Question 4

One cycle of the graph of the function with the equation y = tan(ax) has successive vertical

asymptotes at x =§ and x = g

A possible value for a is

A. 2
B. 2
C. 4
D. 4
E. 8

SECTION 1 - continued
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Question 5

For the system of simultaneous linear equations

z=-3
X—Yy=5
X+y=1

an equivalent matrix equation is

0 11z] [-3
A. 1 -1||y|=|5
1 1]x]| |1
1 -1 0fx 5
B 1 1 ofyl=|1
0 0 1z -3
1 0 Oofx] [-3
C. 01 0|yl=|5
0 0 1]z
'xT1 -1 0] [5
D. yill1 1 0|=|1
z]J0o 0 1] |-3
1 -1 0ofx] [-3
E 1 1 0fyl|=|5
_OOlz__l

Copyright © Insight Publications 2009
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Question 6

The transformation T : R* — R* which maps the curve with the equation y = e* to the curve

2x—4

with the equation y =e“"" + 3 could have the rule

'x1) [1 ofx] [-2
B. T = +

y]) [0 2|y]| | 3]

'x]) [1 o|x] [4
C. T = +

y]) [0 2|y] [3

'x]) [05 Ofx] [4
D. T = +

Y] i 0 1|y 3

Question 7

The graph shown could be that of a function f with the equation

y = —Xx(x+a)*(x—h)
y =—x(x+a)(x—Db)
y = x(x—a)’(x-b)
y =—x(x+a)*(b—x)
y = X(x—a)*(b - x)

mo o w >

Copyright © Insight Publications 2009

SECTION 1 - continued
TURN OVER



Question 8

The graph of the function with the equation y = f (x) is shown below.

Which of the following is most likely to be the graph of the inverse function?

A. B.

SECTION 1 - continued
Copyright © Insight Publications 2009




Question 9
The diagram below shows the graphs of two circular functions, f and g.

y=t(x)

The graph of the function with the equation y = f (x) is transformed into the graph of the
function with the equation y = g(x) by

A.  adilation by a scale factor of % from the y- axis followed by a reflection in the x-axis.
B. a dilation by a scale factor of 3 from the y- axis followed by a reflection in the x-axis.
C.  adilation by a scale factor of 3 from the y- axis followed by a reflection in the y-axis.
D. adilation by a scale factor of % from the x- axis followed by a reflection in the x-axis.
E. a dilation by a scale factor of 3 from the x- axis followed by a reflection in the y-axis.
Question 10

The function defined by f : A—R, f(x)=e®*®" beR, will have an inverse function for
all values of b, if its domain A is

A. R

B. R\{}
C. [b, )
D. R*

E. [-b, )

SECTION 1 - continued
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Question 11
If f(x)=e"* and g(x):% then g(f()) is
X
A X
e
B. —-e
C. e
D. 1
E. -1
Question 12
. dy .
If y=1log,(sin(3x)) then o is equal to
X
3c0s(3x)
sin(3x)
B. - L
sin(3x)
c.
3c0s(3x)
D. 3tan(3x)
E. — 3tan(3x)
Question 13

The equation of the normal to the curve with equation y = xcos(x), at the point on the curve
with x-coordinate 27 is

1
A Y= xsin(x)
B. y =-X
C. y =X
D. y=—-X+4r
E. y=X-4r

SECTION 1 - continued
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Question 14

If y=2e(e” —1) then the rate of change of y with respect to x when x =0 is

A 2¢°

B. O

C. 2e-1

D. 2e°-2e

E 2e

Question 15

The interval [0,5]is divided into n equal subintervals by the points X, X,,......... X, 1, X, Where
0=Xy <X <oore. <X,y <X, =5.Let ox=x —x_ fori=12,

Then lim i(inax) is equal to

oXx—0ij=1
0
A. I2x dx
5
5
B. .f x? dx
0
C. 25
D. 125
E. 10
Question 16

If £'(x)=5e* and c is a real constant, then f(x) is equal to
A.

B.

Copyright © Insight Publications 2009
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Question 17

Let p be a function defined on the interval [3,5] and q a function such that g'(x) = p(x), for
all xe[3,5]

5
j p(x) dx is equal to
3

A. q(x)+c

B.  p(®)-p@B)
C. a®-a@®
D.  d®)-d@
E. p(x)+c
Question 18

The graph of the function with equation y = f (x) is shown below.

Let g be a function such that g'(x) = f(x).
On the interval (a,b), the graph of g will have a

A. maximum turning point.

B. minimum turning point.

C. negative gradient.

D positive gradient.

E stationary point of inflection.

SECTION 1 - continued
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Question 19

The number of defective batteries in a box of batteries ready for sale is a random variable with
a binomial distribution with mean 8.1 and standard deviation 0.9.

If a battery is drawn at random from the box, the probability that it is not defective is

A. 0.1
B. 0.9
C. 0.09
D 0.3
E 0.7
Question 20

Let X be a normally distributed random variable with mean x and standard deviation o .
Which one of the following is not always true?

A, Pr(X>u)=05

B. Pr(X >a) =1-Pr(X <a)

C. Pr(lu—o< X <u+oc)=~0.68

D. Pr(u—20 < X < u+20)~0.95

E. Pr(a< X <b)=Pr(X >b)—-Pr(X >a)
Question 21

The random variable X has the following probability distribution.

X 1 2 3
Pr(X=x) a b 0.1

If the mean of X is 1.3, then the values of a and b respectively are—

A. 0504
B. 0.8,0.1
C. 101,08
D 0.3,0.7
E 04,05
Question 22

Juicy Giant orange juice is packed in small glass bottles labelled as containing 250 ml. The
packing process produces bottles that are normally distributed with a standard deviation of 3
ml. In order to guarantee that only 1% of bottles are under-volume, the actual mean volume,
in ml, would be required to be closest to

A 256
B. 257
C. 258
D 250.01
E 247

END OF SECTION 1

TURN OVER
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SECTION 2

Instructions for Section 2

Answer all questions in the spaces provided.

A decimal answer will not be accepted if an exact answer is required to a question.

In questions where more than one mark is available, appropriate working must be shown.
Unless otherwise stated diagrams are not drawn to scale.

Question 1

Grace shops each day at one of two supermarkets, Costless and Spendway. Her choice of
supermarket each day depends only on which supermarket she has shopped at on the previous
day. If she shops at Costless one day then the chance of her shopping at Costless the next day
IS §

5
The transition matrix for the probabilities of Grace shopping at either supermarket given the
supermarket she shopped at on the previous day is

1

glNoTw

3
2
3

a.  If she shops at Spendway one day, what is the chance she shops at Costless the next day?

1 mark

b.  Suppose she shops at Costless one Friday.
What is the exact probability she shops at Costless the next Monday?

3 marks

c. Inthe long term, what percentage of days, to the nearest percent, will Grace shop at
Spendway?

2 marks

SECTION 2 - Question 1 — continued
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The time, t in minutes, she spends in the supermarket is independent of the type of
supermarket she shops at and is a random variable with probability density function

at(60—-t) if 0<t<60
f(t)= .
0 otherwise

d. Show that a :L.
36000

2 marks

e. What is the probability, correct to 3 decimal places, that Grace spends longer than 45
minutes shopping in the supermarket?

2 marks

f.  On 5% of occasions Grace spends between n and 2n minutes shopping. Find the value of
n, correct to 3 decimal places.

2 marks
Total 12 marks

SECTION 2 - continued
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Question 2

Keith likes to holiday at Point Roadknight beach where the waves roll on to the beach at
regular intervals.

The diagrams below show the beach with two markers, A and B at the start and end of the
boat ramp, where A is 6.5 metres further up the beach than B. The line AB is perpendicular to
the water’s edge.

beach water
A B
@ - ———————— e — g
—>
VN A
< > A i 5%
D 5 AR 5
MAAAMAMAAMAMALAL
View from above Side view

Keith records the distance of the water’s edge from the top marker A. He calculates that on
one particular day the distance D metres of the water’s edge from the top marker A is a
function of time t (in minutes from when he starts to observe the waves). It can be modelled
exactly by the equation

D =acos(bt) +c

where a, b and c are positive constants. The graph of D as a function of time t is shown below:

D metres

s / N\

ok \ [\ /
e\ / \ /
2\ / \ /
ok / \ /

. \ / \ /
; N N

2
Z

0O 3 t mins

a. State the maximum and minimum distances of the water’s edge from marker A on this
day.

2 marks

SECTION 2 - Question 2 — continued
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b. Find the number of waves that hit the beach in one hour on this day.

2 marks
c. Find the values of a, b and c.

3 marks

d. i. Write down an equation, the solution of which gives the times when the marker at B is
in the water on this day.

1 mark

ii. Find the exact percentage of time that the marker at B is in the water.
3 marks

SECTION 2 - Question 2 — continued
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Due to winds, tides and currents, on some days the waves come further up the beach and are
closer together. Keith observes that on such a day the distance of the water’s edge from
marker A can be described by the equation

D=B+YS) cos(%zt) +11 where S metres is the seasonal tidal factor which varies

with the factors described above. S is normally distributed with a mean of 2 and a standard
deviation of 0.3.

e.  Ona particular day the waves just reach the top of the boat ramp at marker A. Find the
value of S on this day.

2 marks

f. Marcus decides to go fishing from the boat ramp at Point Roadknight beach, however
he does not know the value of S. How many metres up the boat ramp from marker B
should he stand so that he has an 80% chance of not getting wet from the waves?
Answer correct to two decimal places.

3 marks
Total 16 marks

SECTION 2 - continued
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Question 3

The graph of f :[-7,47] > R, f(X) = sinz(gj is shown below.

. 3T S5r
a. Find f'(—) and f'(—).
(2) (2)

2 marks

b. 1. Find the gradient of the normal to the curve at any point x.

2 marks

ii. Find exact coordinates of the points on the curve y = f (x) where the gradient of the
normal to the curve is equal to 2.

2 marks

SECTION 2 - Question 3 — continued
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iii. Find the exact equations of the normals to the curve at the points where x = 377[ and

_5r

X :
2

2 marks

c. Thegraphof y= f(x) is transformed to give the graph of y = f(x) +b. Find the exact

value of b, such that the graph of the normal at x = 37” and the graph of the normal at

X = 577[ intersect on the x-axis.

2 marks

Let g:[-7,47] > R, g(x) :sinz[gjdrcos[gjﬂ.

d. i. Find g'(x).

1 mark

ii. Write down an equation, the solution of which gives the values of x for which the
gradient is zero.

1 mark

SECTION 2 - Question 3 — continued
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ii.  Solve the equation for x e [-7, 4]to find the exact coordinates on the curve where
the gradient is zero.

3 marks

iv. Sketch the graph of y = g(x) on the axes below, labeling intercepts, stationary points
and endpoints with exact coordinates.

2 marks
Total 17 marks

SECTION 2 - continued
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Question 4

Let f:R—>R, f(x)=9%7".

a. 1. Showthat f(u)f(—u)=281, where uis areal number.

1 mark

ii. Show that f(u+v) :% f(u)f(v), where u and v are real numbers.

2 marks

A panel of a stained glass window has a section of lead outline described by the graph with
the equation g(x) = ‘Qe’X —5‘ and is shown below. The shaded area is red-coloured glass.

b. The x-intercept of the graph occurs at x =log, (a) . Find the exact value of a.

2 marks

SECTION 2 - Question 4 — continued
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c.  The red-coloured glass is bounded by the area under the graph, the x-axis, the y-axis and
the line x = 4. Find the exact area of the red-coloured glass.

3 marks

d.  Find the value of a, correct to 3 decimal places, such that the area of the red-coloured
glass enclosed by the graph , the x-axis, the y-axis and the line x = a is equal to 35
square units.

2 marks

e.  Inproducing the leadlight panel, the craftsman creates a sketch of the red-coloured
panel and notices when positioning the curve that two points on the curve describing the
red-coloured glass are exactly 1 unit horizontally apart. Find the coordinates of the two
points, correct to 3 decimal places.

3 marks
Total 13 marks

END OF QUESTION AND ANSWER BOOK
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SECTION 1

Question 1

The function f :[0,27] > R, f(x) =1-3sin(2x —%) has a range and period respectively of

A. [0,3] and 2

B. [-1,3] and 27

C. [-2,4] and =

D. [-3,3] and 7
[-2,4] and 27

Answer is C.

Solution

e The lowest value of the functionis 1-3=-2.
e The highest value of the functionis 1+3=4.
27

e The period of the function is given by 2?” == Vs

Question 2

The range of the function f(x)=e* -3 is

A [-2,0)
B. R*

C. (-2,0]
D (-2,0)
E (-3,0)
Answer is A.

SECTION 1 - Question 2 — continued
Copyright © Insight Publications 2009



Solution
The graph of the function looks like—
V Edit Zoom Analysis #* IZII

Ewl=
Owz:
[WENCH
Owd:
Ow5:
Owé:
Ow7:

oooooo:s

Fad Cplx oim]

and finding the minimum value of the function gives

([ Edit Rction Interactive

Y O ] e | l

|

diff ] [ |x| ]
orp - impDiff Frinl & =2y -0y
Listq {Minyalue=-2, x=8}
Listd lim
Matr] ¥
Matr
Vect| rangeRppoint
Equd mod

A=s=i3 -
Dizty] EanLine

D=fin nn:nr'E'ual -

(eh [5H|_sPRl T2 20 |EEIE]

mlaldfo| ] fax | EIE |-x-|-:|>| [ 2| ar = |2 | 4|

m] gcd ~T=|

% J A1 1cm % ~.I'i |? g 2 1=

=M | e® |lg] denominator = | " 1-:-9. |1 =13 +;
numeratar

|.||{}|{}|{I:I . |.||{}|{}|{EI E|lan=

CALC I ALY VAR |EXE CALC I ALY '-.-'F|H EXE

Alg Standard Cplx Rad dqm] Ala Standard Cplx Rad qmy]

The lowest value of the function occurs at the y-intercept (0, -2), so the range is [-2, ).

SECTION 1 - continued
TURN OVER
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Question 3
The diagram below shows one cycle of the graph of a circular function.

A possible equation for the function whose graph is shown is
A. y =2 —2sin(4x)
B. y =—2—2sin(4x)
C. y =4 —2sin(472x)

D. y=—2—25in(%x)

E. y:—2—25in(%x)

Answer is D.
Solution
The graph shows an upside down sin curve with an amplitude of 2, a centre value of -2 and a

period of 4 units (i.e. 4= 277[ S0 n= %).

SECTION 1 - continued
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Question 4

One cycle of the graph of the function with the equation y = tan(ax) has successive vertical

asymptotes at x :g and x = g

A possible value for a is

A. 2

B. 2
C. 4

D. Az
E. 8
Answer is D.
Solution

The difference between the asymptotes is — == units, meaning the period is % The period

NI

of a tan function, y = tan(bx) is given by — so a =4 units.

oy oM

SECTION 1 - continued
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Question 5
For the system of simultaneous linear equations
z=-3
X—y=95
X+y=1

an equivalent matrix equation is

0 11|z -3
A. 1 -1jy|l=|5
1 1 |x 1]
1 -1 0| x
B 1 1 0ofyl|=|1
0 0 1|z -3
[1 0 0 x -3
C 0 1 0|y|=|5
0 0 1]z 1
'x1 -1 0] [ 5]
D. yilr 1 0|=1
| Z 0 O 1_ _—3_
1 -1 0fx] [-3]
E 1 1 O0fyl|=|5
_O 0 1 z| | 1 ]
Answer is B.
Solution

When matrix in B is multiplied out it gives
1 -1 0fx 5
1 1 0fyl|=|1
0 0 1}z -3

X—y=5

X+y=1

z=-3

which corresponds to the equations stated.

Copyright © Insight Publications 2009
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Question 6

The transformation T : R* — R* which maps the curve with the equation y =e* to the curve

2x—4

with the equation y =e“"" + 3 could have the rule

X 05 0 x] [2
A T = +
IR MEH
'x1) [1 ofx] [-2
B T = +
yl) 10 2]y] _3}
'x1) [1 o|x] [4
C. T = +
y]) [0 2]|y] _3}
'x]) [05 Ofx]| [4
D T = +
Mz BER
'x]) [2 o|x] [4
E T = +
MISEMEN
Answer is A.
Solution

Writing the final equation y =e”** +3 as y =e?*? + 3 shows the equation has undergone a
dilation of factor 0.5 from the x-axis, and a translation of +2 units in the positive x-direction

and +3 units in the positive y-direction.

05 0 2
The matrix { 0 J produces the dilation of factor 0.5 from the x-axis and the matrix {3}

produces the translations.

Copyright © Insight Publications 2009
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Question 7

The graph shown could be that of a function f with the equation

A, y=-x(x+a)’(x-b)
B. y =—=X(x+a)(x-Db)

C. y=x(x—a)’(x—b)

D. y=-x(x+a)’(b-x)
E. y = x(x—a)’(b—x)
Answer is E.

Solution

As both ends of the graph point in the same direction (in this case, down) this means the
overall power of the equation is an even power, so alternative B is out.

Both ends point down so it has to be a — x**" so alternatives C and D are out.

The graph has x-intercepts at (a,0) and (b,0) so this means that the equation must have
factors of (x—a) and (x—b) (or (b—x)) — alternative E has this.

SECTION 1 - continued
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Question 8

The graph of the function with the equation y = f (x) is shown below.
y

/

Which of the following is most likely to be the graph of the inverse function?

A. B.

y y

AN

N

Answer is D.
Solution

The inverse function is the reflection of the graph of the function in the line y = x.

SECTION 1 - continued
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Question 9
The diagram below shows the graphs of two circular functions, f and g.

y=f(x)

The graph of the function with the equation y = f (x) is transformed into the graph of the
function with the equation y = g(x) by

a dilation by a scale factor of % from the y- axis followed by a reflection in the x-axis.

a dilation by a scale factor of 3 from the y- axis followed by a reflection in the x-axis.
a dilation by a scale factor of 3 from the y- axis followed by a reflection in the y-axis.

o ow >

a dilation by a scale factor of % from the x- axis followed by a reflection in the

X-axis.
E. a dilation by a scale factor of 3 from the x- axis followed by a reflection in the y-axis.

Answer is D.
Solution
Graph has been reflected in x-axis and the amplitude has decreased from 6 to 2, i.e. by a

factor of % in the y-direction or from the x-axis.

SECTION 1 - continued
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Question 10

The function defined by f : A— R, f(x)=e*™® beR, will have an inverse function for
all values of b, if its domain A is

A. R

B. R\{b}
C. [b, )
D. R*

E. [-b, )
Answer is C.
Solution

To have an inverse function, the function needs to be one-to-one.
A graph of one member of the family of curves with b =1, shows

V Edit Zoorm Analvsis IZII

Fad Cplx i)

with the graph being symmetrical about x =1, so the graph is one-to-one for either
(—o0,b] or [b,x) - therefore the answer is alternative C.

SECTION 1 - continued
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Question 11
If f(x)=e” and g(x)= T then g(f()) is
1
A. —
e
B. —-e
C. e
D. 1
E. -1
Answer is A.
Solution
The composite function g(f (x)) is formed by replacing the x term in g(x) with the function
1 1 1
of f(x).So g(f(x))=———, therefore g(f (1)) = ==,
/e2>< lez e
Using CAS
| % Edit Action Interactive ([ Edit Rction Interactive [ Edit Action Interactive
-}dxﬂﬁdﬂvlfﬁvl . -deﬂﬁf“"l?“b'!"l . -de]EdﬂvI-,FHvl .
= 2| | T =
Define fiai=eZ® = |[pefine frari=eZ® = done ]
D clane dane Define atar? 1
) 1 =
Define glari=—/— \.l";
\"I'; done
b GRS I IS
el
- ~|| |IO -
w-- mth [abe | cat | 20 mth [abe [cat [ 20 |EEIE]
i EIC O ER I*-Iﬂfl-v'lzlr L pEEEOEER I*IrIrIZIt:I ECI IR I*‘Irl-vIZIr +|
= [ [ eI = [ [ eI = [ [ |
M| ™ |loagd S|E][=]+ A Il,:,g| S|e|]* A lhg| |l
'|123+— iz =]+]- = FIHERE
|l||“|{}|{|:| E |[an= |l||“|{}|{|:| E|lans |l||”|{}|{|:| E || ans
CALC | ALY '-.-'F|R EXE CALC | ADY '-.-'F|R EXE CALC | ADY '-.-'FIF: EXE
Ala Standard Cplx Rad gm] Ala Standard Cplx Rad qm] Ala Standard Cplx Rad fm]
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Question 12
If y=1log,(sin(3x)) then % is equal to
X
3cos(3x)
sin(3x)
B
sin(3x)
c. -t
3cos(3x)
D.  3tan(3x)
E. -3tan(3x)
Answer is A.
Solution
Using the chain rule i(Ioge(sin(3x))) = — x 3C0S(3x) = m
dx sin(3x) sin(3x)

Using CAS gives

| W Edit Action Interactive
O ] T e I EX
_d_ i =
dx(ln(sln(Sx) b}

3-cosl3-x)
SinC3-x)

|

=in-1 ||4
cost J{1]2]3][+
tan tan-i L||a - |E
= [cALc JorTH] vAR JEHE

Ala Standard Cplx Rad gm]

SECTION 1 - continued
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Question 13

The equation of the normal to the curve with equation y = xcos(x), at the point on the curve
with x-coordinate 27 is

Ay b
xsin(x)

B. y=-—

C. y =X

D. y=—X+4rx

y=X—-4r
Answer is D.
Solution

e Edit Action Meid=lg-ta=in ] normal Edf | “ Edit Action Interactive ixi
;Einsf:ur'matlnn W B Expression:[acastar  Il| (il s>
cost diff [l Wariable: [= | 16z (xlymy2-m) B
ACos . ) | normallx-cosix )y x, 2o
= biff B
Cistd 10 Paint: Zn | —tder
List{ i 0
Matr
Matr] T
Wect| rangeAppoint
Equa riicd
==is :
: tanLine L
Dt normat | g
mth [ ab_2FFl ?I:-;n el mth [abc [cat [ 20 |EIEED| |[mthabe [cat [ 20 |EIEIE]
fiax HEIRE |)|,|%—|x|y|z|t 1-| HEIRE |)|,|%—|x|y|z|t +|
gcd =]r ~T=|
lom n | ki = n S
=in-1 3 s =in =in-1 ||4 5 6 H|+ =in =in-1 ||4 5 6 H|+
cos | cosd Donnereten cos | cost [ 1]2]5][+]- cos | cost [ 1]2]5][+]-
tan tan e - [E=ns tan tan-i Ll B ans tan tan-i Ll B ans
& _JcALc JorTH] vAR JEXE = [JcALc JorTH uHR EXE = [JcALc JorTH uHR EXE
Alg Standard Cplx Rad gm] Ala Standard Cplx Rad qm] Alg Standard Cplx Rad qmy]

SECTION 1 - continued
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Question 14

If y=2e(e” —1) then the rate of change of y with respect to x when x =0 is

A 2e°

B. 0

C. 2e—1
D. 2e*-2
E. 2e
Answer is E.
Solution

The rate of change means ol
X

dy

Using CAS gives

| ¥ Edit Rction Interactive i

B IR ] T ramind HIE|

d
dx

=
dx

[u]

A zelce™-13] |ar=n =

[zelce*-13) |ar=s

J. 436363657

ZE

-

mth |abc | cat | 20

[nlefifofc]o [ |3 |ayl=]z]|+]|

®

HEE HHEERE

%1 [

=
n

2 EHEBEE

+1

an | Br cn|§|123 +[-

ans

rElv i @

+3 = |E
TRIG JoALc | = | var JExE

Alg

Standard Cplx Rad qim]

Therefore alternative E is equal to vl
X

dy

Copyright © Insight Publications 2009
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Question 15

The interval [0,5]is divided into n equal subintervals by the points X,, X;,......... X
0=X, <X <eovvn. <Xy, <X,=5.Letox=x—x_,fori=12,...n.

X where

n-11"n

Then lim (2xx) is equal to

ox—0ij=1
0
A. _fo dx
5
5
B. Ixz dx
0
C. 25
D. 125
E. 10
Answer is C.
Solution

The statement defines the limiting process for the definite integral of f (x) where the interval
[a, b] is divided into n subintervals and this limiting process can be expressed as

b n
If(x) dx :[!irTLZ(f (x,)0x) . In this case f(x)=2x and the interval is [0, 5].
X—0j=1

n 5
So lim >(2x,0x) = [ (2x) dx = X’ =25-0=25.
x—0ij=1 0

Question 16

If f'(x)=5e* and c is a real constant, then f(x) is equal to

A 2e¥c
2

B. 10e** +¢

C. Ee3X +C
2

D. EeXz +cC
2

E. 5e* +¢

Answer is A.

Solution

2Xx

The antiderivative of e* is 1eaX . So the antiderivative of 5e** is ge +C.

a

SECTION 1 - continued
Copyright © Insight Publications 2009
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Question 17

Let p be a function defined on the interval [3,5] and g a function such that g'(x) = p(x), for
all xe[3,5]

5
j p(x) dx is equal to
3

A. q(x)+c

B.  p(®)-p@B)
C. a®-aP
D.  d®)-d@
E p(x)+c
Answer is C.
Solution

Need to replace p(x) with g'(x) to get

i p(x) dx = j'q’(x) dx

=[a()f
=q(5) -da@)

SECTION 1 - continued
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Question 18
The graph of the function with equation y = f (x) is shown below.

Let g be a function such that g'(x) = f(x).
On the interval (a,b), the graph of g will have a

A maximum turning point.

B. minimum turning point.

C. negative gradient.

D.  positive gradient.

E. stationary point of inflection.
Answer is D.

Solution

The graph drawn is the graph of the derivative, i.e. the graph of the gradient function. The
graph has a positive value over this domain and does not have an x-intercept or change signs
(therefore no turning points and stationary points of inflexion over this interval).

SECTION 1 - continued
Copyright © Insight Publications 2009
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Question 19

The number of defective batteries in a box of batteries ready for sale is a random variable with
a binomial distribution with mean 8.1 and standard deviation 0.9.

If a battery is drawn at random from the box, the probability that it is not defective is

A. 0.1
B. 0.9
C. 0.09
D. 0.3
E. 0.7
Answer is A.
Solution:

The distribution is binomial so the mean is given by x =np and the standard deviation is

o =+/Npg SO

o)
8.1=np

0.9=4/npg = 0.81=npq

= 0.81=28.1q replacing np with 8.1
=(g=0.1andas p=1-q, p=0.9

so the probability of a defective battery is 0.9 and a non-defective battery 0.1.

Question 20

Let X be a normally distributed random variable with mean x and standard deviation o .
Which one of the following is not always true?

A Pr(X > u)=0.5

B. Pr(X >a)=1-Pr(X <a)

C. Pr(lu—o< X <u+oc)=~0.68

D Pr(u—20c < X < u+20)=0.95

E Pr(@a< X <b)=Pr(X>b)-Pr(X>a)
Answer is E.

SECTION 1 - continued
TURN OVER
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Solution

Pr(a < X <b) =Pr(X <b)-Pr(X <a) and this can be seen from a series of normal
distribution diagrams.

a b
a b
Question 21
The random variable X has the following probability distribution.
X 1 2 3
Pr(X=x) a b 0.1

If the mean of X is 1.3, then the values of a and b respectively are—

A. 05,04
B. 0.8,0.1
C. 0.1,0.8
D. 0.3,0.7
E. 0.4,05
Answer is B.
Solution

Since the distribution is a pdf the sum of the probabilities is 1.
i.e.,

a+b+0.1=1

a+b=0.9

The mean of the pdf
E(X)=2Xxp(x)=1xa+2xb+3x0.1=a+2b+0.3=1.3
so a+2b=1

solving simultaneously gives b=0.1 and a=0.8

SECTION 1 - continued
Copyright © Insight Publications 2009




Question 22

21

Juicy Giant orange juice is packed in small glass bottles labelled as containing 250 ml. The
packing process produces bottles that are normally distributed with a standard deviation of
3 ml. In order to guarantee that only 1% of bottles are under-volume, the actual mean

volume, in ml, would be required to be closest to

A. 256

B. 257

C. 258

D. 250.01

E. 247
Answer is B.
Solution

X ~N(u,o0=3)

Pr(X < 250) = 0.01

converting to standard normal gives

Pr(Z < ZSOT_”) =0.01

Using CAS find the invnorm of the standard normal distribution to get—

invMormCDf Ef

Tail setting
Area i

o

m

probability walue 8 2
Area < 13

i
mth [abe [cat [ 20 |EIEIE]

([ Edit Rction Interactive

Y O ] e | l

imwHormCDFC L B 8le 1,80 [
-2.326347874
n

-
mth [abe [cat | 20 |EIEIE]

HEROEAR |$-|x|y|z|t 4-|

56>¢C+

HEIBREAE |$~|x|y|z|t 4-|

56><+

213+~

HERE

E ||an=

E ||ans

= Jcac JorTH VAR [ERE

= JcALc JorTH i B

Alg Standard Cplx Rad dqm]

Ala Standard Cplx Rad qmy]

This means—

20-p _ 5306

250 — = —6.978
44 = 256.979

Copyright © Insight Publications 2009
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SECTION 2

Question 1

Grace shops each day at one of two supermarkets, Costless and Spendway. Her choice of
supermarket each day depends only on which supermarket she has shopped at on the previous
day. If she shops at Costless one day then the chance of her shopping at Costless the next day
is §

5
The transition matrix for the probabilities of Grace shopping at either supermarket given the
supermarket she shopped at on the previous day is

glpoT|w
wlinvw| e

a.  If she shops at Spendway one day, what is the chance she shops at Costless the next
day?

1 mark
Solution
The transition matrix shows

C S
3 <+—— Current state
Next state S| ¢
> |5 3
1
so the Pr(S then C) =3

Mark allocation

1
e 1 answer mark for answer of =.

SECTION 2 - Question 1 — continued
Copyright © Insight Publications 2009
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b.  Suppose she shops at Costless one Friday.
What is the exact probability she shops at Costless the next Monday?

3 marks
Solution
Using a matrix method here will be easier than using a tree diagram.
3 17
11 |2 =21
3~ (|5 3
"o)3 3|l
5 3
523
_1|1125
602
1125
so the Pr (costless on Mon) =£
1125
Mark allocation
e 1 method mark for using matrices and setting up.
523
e 1 answer mark for the resulting matrix 1610225
1125
e 1 answer mark for ﬁ
1125
c.  Inthe long term, what percentage of days, to the nearest percent, will Grace shop at
Spendway?
2 marks
Solution

l1-a b
In a two-state markov chain with a transition matrix of { }
a

1-b
b
the steady state matrix is given by | @ ;‘ b,
a+h
2
In this case Pr (long-term Spendway) = ﬁ = % = % =54.54% =55% .
5 3

SECTION 2 - Question 1 - continued
TURN OVER
Copyright © Insight Publications 2009



Alternatively consider

glNOoT|w

I
Eﬂmﬁ]%ﬂ-ﬂ-

(25 1727, [1 -
| 2/5 2;3] 2@[@]

B, 45454534545
. 5454545455

wliNwW| -

24

1
{O} and let n become large, say 20. This gives

-

20 BRG]

:lt|9 1-|'I' (|)| |$—|x|y|z|t 4-|

[mO] [-] [-n] HEE

Lm0 | 2o |4 & il s

&
[ ] |123+_
E

o 0

aml|amd J; : ans
= | ALY VR [

Ala Decirnal  Feal Rad qm]

Mark allocation

Pr(spendway)

¢ 1 method mark for valid method.
e 1 answer mark for correct answer.

The time, t in minutes, she spends in the supermarket is independent of the type of
supermarket she shops at and is a random variable with probability density function

f(t) =

d. Show that a :L

36000

{at(GO t)

Copyright © Insight Publications 2009

if 0<t<60
otherwise

2 marks

SECTION 2 - Question 1 — continued



Solution

To be a probability density function the area under the graph needs to equal 1.

60
ie. jat(60—t) dt =1
0
SO set

60
Iat(60—t) dt =1
0
60 60
LHS = jat(eso_t) dt = ajt(60—t) dt
0 0
60
= aJ.(60t —t?) dt
0

60
j (60t —t?) dt =36000 using CAS
0

| ¥ Edit Action Interactive

Y O ] P | l

[=35) -
\J« EHa—a "2

2EEEE
|

[mth [abe [cat | 20 |ZEIE]
:lt|9 1-|'1" {|)| |$—|x|y|z|t
mglf| 7|8
== R
e = HHEIE
EiDEiD.L H E ||ans
= VAR [ERE
Alg Decimmal Real Rad qm)

1] |||1H4|

oy}

ol | £o

SO
60

—a j(60t —t?) dt =ax36000
0

36000a =1

S
36000

Mark allocation

o 1 method mark for setting the integral with correct terminals and dt equal to 1.
e 1 answer mark for steps leading to a correct answer (note: no need to show the

antidifferentiating steps).

Copyright © Insight Publications 2009
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e.  What is the probability, correct to 3 decimal places, that Grace spends longer than 45

minutes shopping in the supermarket?

Solution

Pr(more than 45 mins) = J

1
———t(60-t) dt
36000601

2 marks

using the CAS calculator this integral equals 0.15625 = 0.156 correct to 3 decimal places.

| ¥ Edit Action Interactive

] T ] ek | .

EA
;v[‘ g
] G — a2 A
45

1l

B. 13625

e

mth |abc | cat | 20

:lt|9 1-|'1" {|)| |$—|x|y|z|t

B [/m [ [T

@
1] |||1H4|

: .lng.EI|123

by

+

mH{H{}HDq

ans

E
caLc | Aov VAR

Alg Decimmal Real Rad qm)

EXE

Mark allocation

e 1 method mark for setting up the integral (terminals correct and dt).

o 1 answer mark for correct answer.

Copyright © Insight Publications 2009
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f. On 5% of occasions Grace spends between n and 2n minutes shopping. Find the value
of n, correct to 3 decimal places.

2 marks
Solution

2n

36000 IX(GO —X)dx =0.05 and solve for n using CAS

Set up

| ¥ Edit Action Interactive
] T o] (P | l
2en -

1 _ f —x 2ok
solve Tl Bl r=x

5
fh=—4. 24467356, n=4. 7775

-

mth |abc | cat | 20

[ e JrATH] SPACE JSMELJEXE
Alg Decimmal Real Rad qm)

this gives 3 solutions—only one is valid within the domain of [0, 60].
n=4.778

Mark allocation

e 1 method mark for setting up the integral.
o 1 answer mark for the correct value of n, correct to 3 decimal places.

Total 12 marks

SECTION 2 — continued
TURN OVER
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Question 2

Keith likes to holiday at Point Roadknight beach where the waves roll on to the beach at
regular intervals.

The diagrams below show the beach with two markers, A and B at the start and end of the
boat ramp, where A is 6.5 metres further up the beach than B. The line AB is perpendicular to
the water’s edge.

beach water
A B
@ - ———————— e — g
—>
VN A
< > A i 5%
D 5 AR 5
MAAAMAMAAMAMALAL
View from above Side view

Keith records the distance of the water’s edge from the top marker A. He calculates that on
one particular day the distance D metres of the water’s edge from the top marker A is a
function of time t (in minutes from when he starts to observe the waves). It can be modelled
exactly by the equation

D =acos(bt) + ¢

where a, b and c are positive constants. The graph of D as a function of time t is shown below:

D metres

ok \ [\ /
e\ / \ /
2\ / \ /
o\ / \ /

. \ / \ /
: N N

2
Z

@) 3 t mins

SECTION 2 - Question 2 — continued
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a.  State the maximum and minimum distances of the water’s edge from marker A on this
day.

2 marks
Solution
The maximum distance from A is 20 metres and the minimum is 2 metres.

Mark allocation

e 1 answer mark for maximum.
e 1 answer mark for minimum.

b.  Find the number of waves that hit the beach in one hour on this day.
2 marks

Solution
There are 2 waves in 3 minutes, so in
60 mins = 20x 3 mins

=20x 2 waves

=40 waves
Mark allocation

o 1 method mark for a recognizing that there are 2 waves in 3 minutes or calculating the
period.
o 1 mark for correct answer.

C. Find the values of a, b and c.
3 marks
Solution
Graph is centred around 11, so ¢ =11.
The amplitude is 9 unitsso a=9.

There are 2 waves in 3 minutes so the period is %: 2z ,S0 b= 4?” .
n

Mark allocation

e 1 answer mark for a.
e 1 answer mark for b.
e 1 answer mark for c.

SECTION 2 - Question 2 — continued
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d. 1. Write down an equation, the solution of which gives the times when the marker at B is
in the water on this day.

1 mark

Solution

Marker B is in the water when the water is less than 6.5 metres from A i.e. when D < 6.5, so

QCOS%Zt +11< 6.5 is the equation that gives the times when marker B is in the water.

Mark allocation
e 1 answer mark for answer.

Ii. Find the exact percentage of time that the marker at B is in the water.

3 marks
Solution

Solve 90054?”[+11< 6.5 using CAS.

I
e o ] T i

] - FY
St x]+11<6r =

su:-l'u'e-[‘a- v;u:us[

{S-v;u:nstn(l) Secar
2

1
+2<x< [

[u]

-
[mth[abc [cat [ 20 |C121E]
[E3 1 3 Y8 N I R ES P R
=[]z H7I=l2]["]=]
“lE e n [ 4]5]e]=]+
an | bn | en B 1] 2]3][+]-
| ez r51u|§a HEIEE
TRIG |CALC | &= | vAR |ERE
Ala Standard Real Fad qm]

=
n

. . . 1 .
Interpreting the general solutions gives > <t <1 for the first cycle.

So the marker is in the water for between %< t <1 minutes, or for % minutes in total.

1

% minutes each cycle means %xlOO% = 33%% .
2
Mark allocation

e 1 method mark for finding %<t<1.

1 . .
e 1 answer mark for > minutes in total per cycle.

« 1 answer mark for correct percentage.

SECTION 2 - Question 2 — continued
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Due to winds, tides and currents, on some days the waves come further up the beach and are
closer together. Keith observes that on such a day the distance of the water’s edge from
marker A can be described by the equation

D=B+YS) cos(%zt) +11 where S metres is the seasonal tidal factor which varies

with the factors described above. S is normally distributed with a mean of 2 and a standard
deviation of 0.3.

e.  Ona particular day the waves just reach the top of the boat ramp at marker A. Find the
value of S on this day.

2 marks
Solution

To just reach the marker at A, D =0 so this means the amplitude 8+ S =11 which gives
S=3.

Mark allocation

e 1 method mark for recognizing amplitude equals 11.
o 1 answer mark for correct answer.

f. Marcus decides to go fishing from the boat ramp at Point Roadknight beach, however
he does not know the value of S. How many metres up the boat ramp from marker B
should he stand so that he has an 80% chance of not getting wet from the waves?
Answer correct to two decimal places.

3 marks
Solution
u=2and 0=0.3

Pr(Z<c)40.8

SECTION 2 - Question 2 — continued

TURN OVER
Copyright © Insight Publications 2009



32

Using invnorm(0.8, 2, 0.3) gives S =2.2525

Action o invMormCDF <R |
E T Tail settinalleft  [+||| [FEi[Pw[EaludelAT] [
W e Areallsd 0| [frwMormCDfr, 8. 8,0, 2, 27 [&

Lizt] DormcDe g 2. 25248637

Lizd muMormche IEI O

mof tPDT o

Mat LEDF population mean

Veg| IMeTCDE

Equ chiPDf

Resl FlEhiios

Iy I

WEER reor S
rmth SRR E!VFC[')flPDf mth |abc [cat | 2D [tk [abe [cat [ 20 |EIEIE]D
Elel] prometeet || |EEE0bL Phlyllele)| |EEREED L Py
#<>_ginx{Binnn-ﬁiE11=EDf [<[=[]z]-l7[e]2][*]= =<l 722 ]=
"[#[1[<]n] Foizzancor N ELNE B EE B S E LA R E R B
an | b | of inwPoissonChf an | bn | on |§|1 2] z|[+]- an | bn | En |§|1 2] z|[+]-
| s |FE SEEEEF s | e [rElvE@]. [£]lans s | e [rElvE[B]. [e][ans
TRIG | CALC || invGeoCDd TRIG |CALE | += | AR JEXE]| || TRIG |CALC | = | ¥AR JEXE
Ala Standard Real Fad qm] Ala Standard Real Fad qm] Alg Standard Real Fad qm]

with S =2.2525 the water goes to within 0.7475 metres of marker A, so Marcus should
position himself 5.7525 = 5.75 metres up from marker B.

Mark allocation

e 1 method mark for using invnorm.
e 1 answer mark for 0.7475 m from marker A.

e 1 answer mark for 5.75 m from marker B.
Total 16 marks

SECTION 2 - continued
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The graph of f :[-7,47] > R, f(X) = sinz(gj is shown below.

y
2+

1.5+

0.5+

. 3z S5r
a. Find f'(—) and f'(=).
() and /)

Solution

Define the function f(x) :sinz(gj and then using CAS find f'(%z) and f’(%z).

3n 4n

|[ ¥ Edit Rction Interactive %

e o ] T i

[[%r Edit Action Interactive (X

A e e T A

[ Edit Action Interactive [H

A o ] L i

Define flarl=(sinta 2)0"2 |&
done

Define flarl=Csinta 220" &
done

E(f(x)) | Ar=3n2

EED

1
g Lircany | w=snsz ]
1 Lty | a=snsz

-2 - 1
P I z|J
- - O ka
mth | abc | cat | 20 mth |abc |cat | 20 mth |abc [cat | 20
w[ele o] L izl [¢]| [mef DL | |EEEE oL
=== = (=Tl 0Ee el =0 =T =1l el =]l"]=]
sin simt [4]|5]8][=]+ “Tal1<|n]-Hel5]&]=]= HEINENE BEHEEE
cos | cost [ 1]z]3][+]- an | br -;.-.|§|123+— an | br -;.-.|§|123+—
tan | tan-t [{{6]. [e||ans rSlv i @] . [e|lans rElvE 8] . [e|[ans

= |cALC | oPTH] vAR JERE

+1 +2 .
TRIG |CALC | &= | vAR JERE

+1 +2 .
TRIG |CALC | &= | vAR |ERE

Ala Standard Feal Fad gm]

Ala Standard Feal Fad gm]

Ala Standard Feal Fad gm]

Mark allocation

e 1 answer mark for f’(%z).

e 1 answer mark for f’(S?”).

2 marks

SECTION 2 - Question 3 — continued
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b. i. Find the gradient of the normal to the curve at any point x.
2 marks
Solution
-1 -1
m

normal — =
mtangent f ’(X)

Using CAS

| ¥ Edit Rction Interactive i

B IR ] T ramind HIE|

A7)
cns[%]- sin[

.:ns[ N ] sin[

O b
mth |abc [cat | 20
EEEFE L ]+
=[<[>[z[2]~[7[2]2]["[=]
T n]-H4l5]E][=]+
an | bn | en B 1] 2]3][+]-
i | ez rSlu|§JB . [e][an=s
TRIG JoALc | = | var JExE
Alg Standard Real Rad qim]

d
gl fean)

Mark allocation

e 1 answer mark for f'(x).
o 1 answer mark for gradient of normal.

ii. Find exact coordinates of the points on the curve y = f (x) where the gradient of the
normal to the curve is equal to 2.

2 marks

Solution
Using CAS solve

-1

(]

=2 for the domain x e[-7,47]

SECTION 2 - Question 3 — continued
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*r Edit Action Interactive

il Bl 3]
c.ns[ % ] sin[ % ]

SD].‘-.-'E'[_—1=2|—
X . X k
C-DE[ E ]' 5II'|[ E]
x;_n,x:S‘-_n,x:?-_n}
z 2 2

mth [abc | cat | 20
InlﬂIvIWI<I>IsI%IxIrIzIr
AEEORE EHEEE
TH[ 2 n]-[4]5]e]]=
an | bn E[1]=z]=]]+
+1 +2 rSlv|§JE‘ ans
TRIG JoALC | & '-.-'FIFE EXE
Ala Standard Feal Rad gm]

e |||f H Fi

then use CAS to find the corresponding y-values.

~ Edit Action Interactive ¥ Edit Action Interactive

-}dxﬂ Edﬂ TI'.F'H VI . Em deﬂ m“ a vl-,FH "I . Em de;l Edﬂ vI-,FH vl .

l c,n:hsl = J l c,nsl L c,nsl 5 J sml EJ
Ly el fut SCLE S LY |
St = N e Rl
-1 3n T
F{?) f{?) f{?h

- ] - -
mth [abe [cat | 20 |EIEE]| [(mth 2k [ca [ 20 |EIEIE] [rth [abe [cat [ 20 I---

IHIBI*IWI(I?IsI?IXIPIZIt *|(|[x]e]s]m]c]o ] I*‘IA’IPIEIt B EI N EE I?IA’IPIZI!“ +|

=<z ENEE LT EEIEEIEE L A e e ) =
Tl n - a === =0 L]n - Halslell=[=I{|["[#] 1 [<]n]-Hal5]e][=]
an | b [ en Bl L]23[+[=]|| an | br [ en 221 2][+]=]|| an | bn | en [ L]2]3][+]-
| ez r51v|§8 HEIEE | ez rSlu|§E’l . |e]|ans | .2 rSlv|§JB . ||| an=
TRIG JoALc | &= | ver JEZE]||| TRIG JoALc | & | var JE<E]|[| TRIG JoAc | & | var JERE

Alg Standard Real Rad dqm] Alg Standard Feal Rad qm] Ala Standard Real Rad qmy]

7 1\ (37 1\(7n 1
so the pointsare | —,= |,| —,= ||| —,= |.
2 "2/ 22)L 22

Mark allocation

e 1 answer mark for the x-values.
o 1 answer mark for the exact coordinates.

SECTION 2 - Question 3 — continued

TURN OVER
Copyright © Insight Publications 2009



36

5z

lii. Find the exact equations of the normals to the curve at the points where x = 3z and x=—

2 marks

Solution
Using CAS gives

| N Edit Action Interactive (X

B o ] T ramiad HIEY |

[ \V Edit Action Maid=g=lysi
Transformation

Expression:

i[fﬂx:‘) [ a=3m 2 . !jiff[)'ff : Wariable: x

1 i Paint: a2

Tz lirn
L foarn) | A=z ]
dx rangeAppoint

1 rnod

2 tanLine
CsinCars 21 nu:ur'anal ! i
mth|abc [cat | 20 --- ia?nen [mth |abc [cat | 20 I---
(eel DL Pl €] | [els o[> _fiax ([e[ee [P L Bl €]
=< ==z~ 7 [el=]- =1l =[< =[] 2 lgcd =< [[z]z]-[7[e]=]["]=
E 2 [ A== T® T =] d‘:"n“nminamr "#|zn-|;|455x—
am bn [ ||1 2131+ - am tln (XY numeratar =Tt tln ||1 213 +]-
a | s [rElvfE[e]. [e][ans a | 2 [FENEET TRl s | 2 r51v| al.|e]ans
TRIG [ CALC | vAR_JEXE]| (TRIG JcALC | &= | wAR |EXE|| || TRIG JcALC | & ] vAR JEXE
Ala Standard Real Fad gm] Ala Standard Real Fad gm] Alg Standard Real Fad dqm]

|[ ¥ Edit Rction Interactive

e o ] T i

[ Edit Rction Interactive

e O ] L e I EY

TT =M 7 [ M I

d=

TT A7 M T

d=

ol se{ 2] %)

1
Z2ex+Temt 5

[u] -
mth [ abc | cat | 20 ---

[u] ka
mth [abc | cat | 20 ---

|H|9|*|W|<|>|s|¢'|1|4’|2|t *'l

|H|9|*|°°|f~|>|s|*'|1|f|2|t 4'|

<=z 7 [2]=][" <[]z |7[e]2]["
"#|zn-|;|455><+ "#Ién'|§|456><+
an | bBr Eli]z]=]+]- an | bn Ea]z]=]+]-
rSlu%E . |e||ans rSlv%B . |e||lans
THIG ||::H|_|:| YAR |EXE THIG ||::F||_|:| VAR |EXE
Ala Standard Real Fad qm] Ala Standard Real Fad qm]

1
=2X-3r+—=
y 2

y:—2x+57z+%

Mark allocation

5z

1 mark equation of normal for x = -

Copyright © Insight Publications 2009

1 mark for finding equation of normal for x = 3z
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c.  Thegraphof y = f(x) is transformed to give the graph of y = f (x) +b. Find the exact

value of b, such that the graph of the normal at x = 37” and the graph of the normal at

St . ,
X = 7” intersect on the x-axis.

Solution

Need to find the point of intersection of the two normals.

2 marks

Using simultaneous equations on CAS, find the point of intersection.

| ¥ Edit Action Interactive

] T ] ek | .

([ Edit Rction Interactive |

Y O ] e | l

T
dx(f(x))

cos{ 2 oo

[

Y=—2 a+5- r|:+%

=2 a2 :r:+%
Ay

T =7 T = .l

— 1
y=—2C-a+5 Jt+2

= e 1
y—2:3n+2

mth|abc | cat | 20 ---

had
mth [abe [cat | 20 |EIEIE]

EED ':|>| |*'|-*’|F|2|t "'| [n]8[3]o |':|>| |*‘|A’|J’|2|t +|
& [vm [ [LITSICE) [ [y o oLl
. . S|e||=]+ . . Sla|l=]+
hg'nl|1 z[2|[+]= 1'3‘3":'||1 AEOE
|.||{]|{}|{|:| E||ans |.||[]|{}|{|:| E|lans
CALLC I ALY VAR |EXE CALC I ALY VAR |EXE

Alg Standard Real Rad qim]

Alg Standard Real Rad qug)

If the graph is moved down %+ 7z units then the normals will intersect on the x-axis, so

b=—Z-17.

2

Mark allocation

e 1 method mark for finding point of intersection.

e 1 answer mark for value of b.

Copyright © Insight Publications 2009
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Let g:[-7,47] > R, g(x) =sin [)2(}“:05[2}“

d. i. Find g'(x).

Solution

Define the function using CAS then find g'(x).

| ¥ Edit Action Interactive

] T ] ek | .

| I ¥ Edit Action Interactive Hi

| E::JLLTfla A -I 5]

m— — = ™
1 C=fine g(x) (5|n(x£2))"
=2 -3 n+§ daone
Ay d
2:n+1 dx(g(x))
S | ENNEYIVEIIE
Define ata )= (5|n(xf2}}" Bt -0 Bk -0 Bk ¥~
dane I 2
[u] [u] -
mth |abc | cat | 20 --- mth |abc [cat | 20 |EIEIE]
HIE' ifac]s], I*'IA’IFIEI!“ *'I EIEIBCIHEE I*lerlzlt *'I
[mO] T EHEE
N [ 5 6 = g [D] [':“:']:|4 5 8|[%=
EI:I H
cos c05'1||123+— LELE S - |123+—
tan tan-1 UEI ansz|| || omld %D J;, : . |e]|an=s
= JoALC JorTH '-.-'FIFt EHE = | ADv VAR [EWE
Alg Standard Real Rad qim] Alg Standard Real Rad g

Mark allocation

o 1 answer mark for correct derivative.

1 mark

ii.  Write down an equation, the solution of which gives the values of x for which the

gradient is zero.

Solution

. [ X X 1. (X
sin| — |cos| — |—=sin| —
(2) (ZJ 2 (2

Mark allocation

-0

o 1 answer mark for correct answer.

Copyright © Insight Publications 2009
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ii. Solve the equation for x e [-7, 4] to find the exact coordinates on the curve where
the gradient is zero.

Solution
Using CAS gives

let g’(x) =0 and solving for x gives

| ¥ Edit Action Interactive (i

B T ] T amind HIEY |

[ Edit Action Interactive

A T ] e amind I |

| ¥ Edit Action Interactive ixi

[t [EafudelA 2]

x [ .
snlue[Z- cns[ = ] 5II'|[ = ]—su J

2--;.:5[%]. SZ[%]_SM[%] -

x [ .
snlve[ 2. cns[ 5 ] sln[ 5 ]—sur

snlve[Z- E.DS[ S ] sm[

z

w=Zemeconstnl 1), x=ds ek L 1),x=4-n-cunstn(2)—2'?nb 4—,x da e cunstn(3)+2
[u] || (|0 || (|0 -
w--- mth [abc [cat | 20 |EIEIE]| [mth [k [cat [ 20 |EIEIE
HEROEAR |$—|x|y|z|t 4-| HEBCGEAE |$~|x|y|z|t 4-| HEIREEE ,|$~|x|y|z|t 4-|
mol| [2] [-n] HEE (mol| [B] [-n] 'HEHE (moi| [2] [-n] HEEHEE
TnD | 5 |45’E'>‘:+ Tnd | 5 |45‘5‘”<+ Tnd | 5o 4]S]e][=]+
l;u = NHEOE l;n = iz =][+]-]||lm2a = NHE R
-l asd IE, UI E||lans and|amd ‘r,:, UI E||lans aml|asld IE, UI E|lan=s

= | Aoy S = | ADv VAR [EE = | Aoy I B

Ala Standard Cplx Rad qm]

Ala Standard Cplx Rad qm]

Ala Standard Cplx Rad qm]

-2 21 10z

Using the given domain the solutions are at x =0,——,—,27,—, 4n
3 3 3
Use CAS to find y-coordinates.
| [[%r Edit Action Interactive (X
Emfﬁl%ﬂ-ﬂ- S 1O e e e I Y
a¢-2mr3) N
s acE
4 L ¥
=14 Fch
2 g0 18 30
4 =
EI:)
2w -
(e abe [eat ] 26 |BIEIE)| [menlabe [eat ] 20 1R
:lt|9 1-|'I' (|)| |$—|x|y|z|t 4-| M EIRIRIEY ,|$—|x|y|z|t 4-|
twon [8] |[33] HE | (lma [8] (3] HEEEE
limO ED '|'|'|:||45E'}{T limO El:l '|'|'|:||45E'KT
ms0 | S 123+_ [ 123.,.-
o|-Ln| [ e |[an= 50| o0 | J = E [|ans
= | ALY '-.-'FIR EXE = | ADY 'v'FIR EXE
Ala Standard Cplx Fad qm] Ala Standard Cplx Fad qm]
27 9, 2n 9 107 9
so the coordinates are (0, 2), (T =), (— —) (27,0), (T ,—), (47,2).

Mark allocation

« 1 method mark for solving equation equal to zero and giving one solution.

e 1 answer mark for

e 1 answer mark for

27z 107z —27z

x=0, 2r,4x ; :
"3 3

exact coordinates.

3

3 marks

SECTION 2 - Question 3 — continued
TURN OVER
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iv. Sketch the graph of y = g(x) on the axes below, labeling intercepts, stationary points
and endpoints with exact coordinates.

2 marks

Solution

1|y Intercept
1 | Local Minimum
11(0,2)

Mark allocation

e 1 mark for correct shape over correct domain.
o 1 mark for all points labeled and correct.
Total 17 marks

SECTION 2 - continued
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Question 4
Let f:R—>R, f(x)=9%7".

a. 1. Showthat f(u)f(—u)=281, where uis areal number.

1 mark
Solution

f(u)f(-u)=9" x9" =81e"*" =81e° =81
Mark allocation
o 1 method mark for valid steps leading to the given answer—must be logical and clear.

ii. Show that f(u+v) =% f(u)f(v), where uand v are real numbers.

2 marks
Solution

F(U+V) =96 Zge e = % x 06~ x Qe = é Fu) f (v)

Mark allocation

e 1 answer mark for forming f(u+v).

o 1 method mark for valid steps that lead to correct answer—again must be clear and
logical.

SECTION 2 - Question 4 — continued

TURN OVER
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A panel of a stained glass window has a section of lead outline described by the graph with
the equation g(x) = ‘9e‘X —5‘ and is shown below. The shaded area is red-coloured glass.

b.  The x-intercept of the graph occurs at x = log, (a) . Find the exact value of a.

2 marks
Solution

x-intercept occurs wheny = 0.
9 -5=0
9" =5

5
_ Y = |O —
X ge(g)

9
x=log. (=
99(5)

using CAS we have

I
e o ] T i

501ue[9-e_x—5=la, x] =
Lx==1n(S2+2«1n( 303
simplifyw—1n{S1+2- 100300

3]

|

-

20
m|a|i]w] ] |3 |a|s]z]e ]
7la[2]|[~[=]

a
= [/m %]

m | = BHEREE
= | e 1-:-~z|.|:||§|1 R
[ O[O E s
CALC | Al AR EXE

Ala Standard Cplx Fad gm]

SECTION 2 - Question 4 — continued
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Mark allocation

o 1 method mark for setting equation equal to 0. (Note — must show a working step as
question is worth 2 marks.)
e 1 answer mark for answer.

c.  The red-coloured glass is bounded by the area under the graph, the x-axis, the y-axis and
the line x = 4. Find the exact area of the red-coloured glass.

3 marks
Solution
To handle the absolute value function the integral is separated into two functions.

l0g. (2) A -
area = J‘9e‘X —-5dx+ I—(9e‘X —5) dx
0 9
loge ()
9
loge(g) 4

= [— 9e™* —5x]0 + [9e‘X +5x]

log. (3)

5 9 9 5 9
= (—9(§J ~5l0g, ()~ (-9-0) + (9 +20) - (9(§J +5log, ()

=—5—5Ioge(§)+9+9e‘4 +20—5—5Ioge(%)

Fokk

=19-10log, (g) +9%™*

using CAS it is also best to separate the absolute value function into two integrals.

| W Edit Action Interactive | ¥ Edit Action Interactive

] T ] e g I | 5 P 1] e hamdnd I 5 o] P b i I |

T - T
@ B @
13.2869741 12.2869741 12.2869741
InCas5) 4 g
e~ (-a)-Sdar - * i - f e (- )-Sdar i - f 96" (- a1 -Sdar
B 1n¢ In(9s5) I In¢as5)
18- 10 59-28- In{ 3 1+3- 4+ + 18106 51-28- In{ 3 1+3- 6~ 3+ ¥ 4.1l )-2a- Inl3 e e Y414
kd

8] - [u] [al -
rth |abc |cat | 20 rmth |abc |cat | 20 [mth |abc [cat [ 20 |

23 3 K I P P s 28 A S P FS

EEIEEEEE HEEE log [ In | 7 7= log [ In | 7 JE[7]=]2]

=2 | &= | =t [ 4[5[&][=]= = | e* | =t [ 4]5]e]|[=]= = | e* | xt a5 e][x]=
HENIEN RHEEE HEENIEN NHERE AEENIEN NHEEE
L [ 1 [« e ans L [ 1 [ e ans HENE ans

- |E . |E . |E
TRIG JcALC JorTH] ver JEXE]| || TRIG JerLe JorTH] wAR JEXE]| || TRIG JCALE JoPTH] vAR JEXE
Ala Standard Cplx Fad gm] Ala Standard Cplx Fad qm] Alg Standard Cplx Fad dm]

Mark allocation

e 1 method mark for forming correct integral with correct terminals.
e 1 method mark for splitting the integral into two parts.
e 1 answer mark for correct answer.

Note

o Question does not ask for calculus to be shown—only the setting up step and the
answer are required for full marks—see *** labels.

SECTION 2 - Question 4 — continued
TURN OVER

Copyright © Insight Publications 2009



44

d. Find the value of a, correct to 3 decimal places, such that the area of the red-coloured
glass enclosed by the graph , the x-axis, the y-axis and the line x = a is equal to 35

square units.

Solution

log, (2)

j 9e* —5 dx =1.06107
0

so let j 5-9e* dx = 35-1.06107 = 33.93893

log. (2)

|09e( )

using CAS and solving '[9e -5dx+ IS 9e™™ dx =35 for a gives

|09()

| ¥ Edit Action Interactive

([ Edit Rction Interactive |

A T ] e ad | .

] T ] ek | .

{a=-1.724734153, a=8. 373

4w dx — J\ alzidx=35,a

| 3)

£a=-1.724724153, 5=8. 375k |

[n] - [n] -
mth |abc | cat | 20 mth |abc |cat | 20
EIEROEEE I*—lerlzlttl EEROERE I*-le-vlzlt +
loa | Im - 1 E] = lag | 1In 2|9 =
xE £ S|ell=|+ xE &+ S|e|l=]+
£ I 213+~ £ I 2l3|[+|-

ans

TRIG ||:H|_|::|0PTN '-.-'FIFt EXE

TRIG |CFILI3|0F'TN 'v'FIR EXE

Alg Standard Cplx Rad qim]

Alg

Standard Cplx Rad qug)

so a=38.375 gives an area of 35 units.

Mark allocation

2 marks

o 1 method mark for writing equation as integral with a,

|099( )

j9e —5dx+ js 9e ™ dx = 35.

loge( )

e 1 answer mark for correct answer.

Note

e Again only the setting up step and the answer are required—showing calculus is not

required.
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e.  Inproducing the leadlight panel, the craftsman creates a sketch of the red-coloured
panel and notices when positioning the curve that two points on the curve describing the
red-coloured glass are exactly 1 unit horizontally apart. Find the coordinates of the two
points, correct to 3 decimal places.

3 marks

Solution
Using CAS set up equations describing the two points.

If one point has the coordinates (a, g(a)) the other will have the coordinates (a+1,g(a+1)).

As the two points are horizontally positioned g(a) = g(a+1) . This equation can be solved
using CAS.

| *r Edit Action Interactive |  Edit Action Interactive

] T ] et g I | B P ] Pt it IR |

=olvelgla)=ala+llyal all ||zolvelalal=ala+ll, a) =
fa=@.2879811719% {a=8.2879811719}
n a(@, 2ETOE11T19)

2.318385736
[u]

Ala Decimal Cplx Rad gm] Ala Decimal Cplx Rad g

The coordinates of the points are (0.208, 2.311) (1.208, 2.311).

Mark allocation

e 1 method mark for setting up equations g(a) = g(a+1).

o 1 answer mark for finding the value of a.
o 1 answer mark for both points as coordinates.

Total 13 marks

END OF SOLUTIONS BOOK
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