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YEAR 12

IARTV TEST — OCTOBER 2004
MATHEMATICAL METHODS

EXAMINATION 2 (ANALYSIS TASK)

© IARTV Test Papers are COPYRIGHT
and may not be reproduced in whole or in part

Time: 1 hour 30 minutes

Directions to students

Materials

Question and answer booklet of 11 pages.

An approved calculator or graphics calculator may be used.

You may bring to this examination two A4 sheets of notes which can be written on both sides.
A protractor, set square and aids for curve-sketching may be used.

The task

Time allowed: 1 hour 30 minutes.

Answer all questions in the spaces provided in this booklet.
There is a total of 68 marks available.

At the end of the task
Hand in this booklet.
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Question 1. (18 marks)
During a trip to the sunny north during the winter holidays, a family noticed that on the 4™
of July, the local temperature at the holiday resort was modelled by the function:

H :12—12cos(%(t-4)), 0<r<24

where H = the temperature at the holiday resort in OC at time 7,
¢ = the time in hours since the start of the 4" July.
a) State the maximum and the minimum temperatures for the holiday resort on the 4™ July.

(1 mark)
b) Find the temperature at 12:00 noon on the 4 July at the holiday resort.

(1 mark)
c) Give the first time (correct to the nearest minute), when the temperature at the holiday resort
is 20°C on the 4™ July.
(1 mark)
On the same day the temperature in Melbourne was modelled by the function:
M =10—5cos(%(t—4)), 0<r<24
where M = the temperature in Melbourne in OC at time ¢ s
t = the time in hours since the start of the 4™ J uly.
d) Give the amplitude and period for the Melbourne temperature function.
(1 mark)
e) Find algebraically, the times on the 4™ July when the temperatures in the two different
locations are the same (answer to the nearest minute).
(3 marks)
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f) On the same set of axes sketch the graphs of each of the temperaturebfunctions for the 4™ of
July. Label all relevant points.
-~
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(4 marks)
g) If a = the first time on the 4" July that the two temperatures are the same, and
b = the second time on the 4™ July that the two temperatures are the same, which of
the following expressions gives the area between the two temperature graphs on the interval
[0,27]:

A 2I(H - M)dt
0

B. ](H —M)dt+ bJ'(M ~Hdt+ Zj(H —-M)d
0 a b

C. ]’(M —Hdt+ hj(H —M)dr + Zj'(M —H)dt
3 a b

24
D. j(M —H)dt
0

(1 mark)
Some of the local residents at the northern resort want to promote their fabulous weather and

claim that their weather is always better than Melbourne weather at this time of year. To test this
claim consider the difference in temperature D where D = H — M.

h) Find the indefinite integral J'Ddt.

(2 marks)
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24
i) Use your graphics calculator to evaluate '[Ddt .
o
(1 mark)
7 Briefly explain whether the result from i) resolves the claim about the weather.
(1 mark)
k) Give an expression for the rate of change of temperature at the holiday resort for the 4™ of
July and state the maximum rate of change in temperature.
(2 marks)
Question 2. (17 marks)
Consider the function:
f:R— R where f(x)=e™.
a) Find the derivative of this function i.e. f'(x).
(1 mark)
b) Give the equation of the tangent to this function at the point where x =1.
(2 marks)

¢) Show that the equation of the tangent through the point (¢:,¢™) can be written as

y=2e"x+e*(1-2a).

(2 marks)
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d) Using the result from c) or otherwise, find & so that the point (e,¢**) has a tangent which
passes through the origin.

(1 mark)

) Using the result from c) and your graphics calculator find ¢ so that the point (¢r,e*®) hasa
tangent which passes through the point (0,-1). Give your answer to 3 decimal places.

(2 marks)

) Find the exact value for the area bounded by y = f(x), the y-axis and the tangent to the

. 1
function at x = E

(2 marks)
Now consider the function:
g:R— R where g(x) =e” (1-2x).
g) Find the derivative of g(x).
(1 mark)
h) Show that the function g(x)is increasing for x <O.
(1 mark)
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i) Sketch the graph of y = g(x) showing all the key features

v

(3 marks)

1) Using your graphics calculator or otherwise find correct to 2 decimal places the solutions to

1
g(x)—a

(2 marks)
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Question 3. (17 marks)

In this problem all the answers should be given to 3 decimal places (unless otherwise
instructed).

The 2003 Wimbledon Tennis Final was between Roger Federer from Switzerland and Mark
Philippoussis from Australia. The following were some of the statistics of that match:

Roger Federer Mark Philippoussis
1% serve in play 57% 69%
1¥ serve winning points 89% 7%
2™ serve winning points 68% 44%
Fastest service 198km/h 221km/h
Average 1* service 186km/h 197km/h
Average 2™ service 157km/h 173km/h

Use the statistics from the table above to complete the following tree diagram for a service
game for Roger Federer: :

Wins
Federer 1st serve is in
Loses
Wins
Federer has 2™ serve
Loses

(1mark)

a) From the above, what percentage of first services did Federer put into play and win.

(1 mark)
In tennis, if the person that is serving serves “in”, players continue the point until someone
wins the rally. If the person serves a “fault” on the first service then the first service is out and the
player has a second service and the point continues as before.

b) What percentage of his own service points did Federer win?

(1 mark)
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Assume overall throughout the championships that Federer has an 85% chance of
winning a point when he is serving. Calculate the probabilities of the following events:
¢) Federer serving four winning points from four serves.

(1 mark)
d) Federer serving three winning points, a losing point and then a winning point.

(2 marks)
e) Federer serving one losing point in the first four points and then winning the next point.

(2 marks)
For the following questions we will assume that Philippoussis’ serving speed is
normally distributed with a mean of 185 km/h and a standard deviation of 15 km/h.

f) What is the probability that a random Philippoussis service will exceed 200 km/h?

(2 marks)

g) State the probability that-a random Philippoussis service will be between 170 and
215 km/h?

(2 marks)

h) In a service game where Philippoussis needs to serve five times, find the probability that he
will serve at least once at a speed of more than 215 km/h?

(3 marks)
During a service game Federer notices that there are eight tennis balls available for
use and three of these have unusual bounce.
1) If he chooses three tennis balls at random from the eight available what is the probability
that he will have chosen two balls which have unusual bounce and one with normal bounce?

(2 marks)
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Question 4. (16 marks)
An architect designs an elliptical pool for a fountain. The view from above is shown:

Ty

Where x = the distance east in metres from the centre of the pool,
y = the distance north in metres from the centre of the pool.
The equation of this ellipse is:
2 2
L
169 25
2
and the point P(x,51/1 —1—x6—9—) is a general point on the northern half of the of the ellipse.

2 2
a) State the domain for the relation LA SNy

25

(1 mark)

The points A(-12,0) and B(12,0) are termed the focal points of the ellipse and have special
geometric significance.
b) Show that S, the distance PB, can be written in the form

2
s =1/144x —24x+169.
169

(2 marks)
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c) Find the expression for the derivative of S. i.e. a5

(2 marks)
d) State where the turning point(s) for the distance function should occur and briefty
explain why this is impossible?

(2 marks)
e) State the coordinates of the point on the ellipse which is closest to B?

(1 mark)
f) Give the coordinates of the point on the ellipse which is furthest from B?

(1 mark)

The architect decides to position lights at the focal points of the ellipse and will run
wire from P to B and from P to A. ( P is the general point on the ellipse).

g) Find an expression that gives the length of wire,W, used to connect these three
points.

(2 marks)
h) Use your graphics calculator to sketch this function and obtain a simpler expression

for W on the domain [-13,13].

(1 mark)

10
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The architect also wishes to estimate the area of the shaded region shown below.
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i) Using the left end;

point estimate and four equal intervals, find an approximation for
the area to the nearest m?

- Note that the region is bounded byx =1, the x-axis and the curve.

(2 marks)

Once the pool is com

pleted it can be filled to a depth of 20 cm and will hold 40 840
litres of water.

1) If the water is pumped into the

pool at a rate of 200 litres/min, how long will it take
to fill the pool? (to the nearest minute)

(2 marks)

END OF BOOKLET
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