MAYV Mathematical Methods Examination 2, Solutions

2002 Mathematical Methods
Written examination 2 (analysis task)

Suggested answers and solutions

1. a. i Y
y=fx)
(5,1.1-0.51oge5)
: X
5
x=0 —
asymptote

ii. The inverse function, f 1 exists because
fis a one-to-one function.

iii. To find f!
f(x)=11-0.5log, x
let ¥ =11-05]log, x

For inverse swap x with y

x=11-0.5log, y
x—-1.1=-05log, v
0.5log,y=11-x
log, vy = 2(1.1 - x)

y= R2(11-x)

o f ) = P2(11-x) _ 22-2x

iv. dom f'=ran f

=[1.1-0.510g, 5,)

(1.1-0.5loge5, 5)

y = 0 T
asymptote

b. f(x)=a-Dblog.(x), 0O0<x<5
substituting (1, 0.5) gives
0.5=a-blog,1
05=a-bx0
05=a
substituting (1.5, 0.3) gives
03=05-"blog,1.5
blog,1.5=10.2

_ 02
log, 1.5
c. f(x)=1.1-0.5log,(x)
Half the button width is given by

f(%) =1.1-05 loge(%)

=1.1-0.5(log, x — log, 2)
=1.1-0.5log, x+ 0.51og, 2
= f(x)+0.5log, 2

1
= f(x) + log, 22

13)- ro+ rog. 2

Hence the time difference is:

f( % ) - f(x) = log, V2 as required to show.

2. a. Let X represent the antenna length of Fhaisi
butterflies.

X ~N(20,22)
On the graphics calculator:

2: normalcdf (-1E99, 16, 20, 2)

Pr(X < 16) = 0.023 (3 decimal places)
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b. Y ~N(u,0?)

Let Y represent the antenna length of Jojo

butterflies.

Pr(Y < 19) = 0.08
Pr(Y > 28) = 0.08

By symmetry:

_19+28
2

U =23.5mm

Pr(Y < 19) = 0.08
19-23.5
()

=0.08

Pr(Z <

using the graphics calculator
3: invNorm (0.08) ENTER

% — _1.4051

5o 19-235
~1.4051

0 =3.2mm
OR Pr(Y <19)=0.08
Pr(Y > 28) = 0.08

Pr(Z < 19; “) —0.08

On graphics calculator:
invNorm(0.08) is —1.4051

-1 _ 54051
(¢)

19=-1.4051c+ @

Pr(Z < 19%”) ~0.08

Pr(Z L 2B-u
(0)

) =0.92
invNorm (0.92) is 1.4051

SB g 40m1
(¢)

28 =1.405070 + 1 @
@ + @ gives 47 =21
SO =23.5 mm

substituting into @ gives

19 = -1.40516 + 23.5
1.40516 =23.5-19

_235-19
= 714051

S.0=32mm

. Pr(Jojos) =0.2

Pr(Fhaisis) = 0.8
Let ] represent the number of Jojo
butterflies.

X ~ Bi(10,0.2, 4)
Pr(J = 4) = 10C4(0.2)4(0.8)°
= 0.088 (3 decimal places)
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d. i. Fhasis 0.5 x 0.8
Jojo 0.1370 x 0.2

Y Sum 0.427

0.8x0.5
0.4274

= 0.936 (3 decimal places)

ii.

3.a. y= %(23(4 —x% - 5x% + 3x)

For stationary points 4y =0
dx

dy _,.3_ 8.2 3_

a—élx 5 —5x+2—0

b.i. Whenx=1

dy 3 3
E—4—2—5+2

= -1 (gradient of tangent)

gradient of normal is

_-1_
m—_1—1
when x =1

y=%(2—1—5+3)

1
=5
1

2
substitute (1,—%), m =1 into

1— _
y+§—1(x 1)

y=x-

N W

LY =x- % is equation of normal

Solve simultaneously to find point(s) of
intersection.

%(23(4 —x3—5x2+3x):x—%

224 —x3 —5x2 +3x=2x-3
2% 3 _5x2 +x+3=0
(x-1)(x+1)*>(2x-3)=0

Cx=1— 3
~x=1,-1 or 5
Since (x + 1) is a multiple factor then the
line will touch when x = -1.

Find the points of intersection of the
curve and the normal can also be found
using the graphics calculator.

The gradient function of the curve is:

% - %(8x3 ~3x2 —10x+ 3)

When x =-1, d_y:1
dx

The gradient of the curve at B (-1, -2.5) is
the same as the gradient of the line

y=x-— %, the point of intersection, so

y=x-— % is tangent to the point at B.
Shaded area

= ,[_11%(23(4 —x3-5x% + Bx) - (x— %)dx

3

1 2
_ 4_ X7 5x% 3
= J._l(x 5 > +0.5x + 2)dx
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1
5 4 3
. X X 5x 3x
ii. Area—[?—?—T.;.T.F?:L
1 1 5 1 3 1 1 5 1 3
(§_§_€+Z+E}{_§_§+E+1_E)
_2 10,6
"5 6 2

=1.73 (2 decimal places)

4. x(H)=15+6 s1n( gt)

a. i. Maximum occurs when

SEUAN
sm(3)—1
~x(H)=15+6

= 21 metres

ii. Minimum height occurs when

sm( T;t) =-1
Sox(t) =15+ 6(-1)

=15-6

= 9 metres
15+6 sin(%t) =9

6 sm( J;t) =-6

t= % = 4.5 seconds

Or Using graphics calculator:

Yy (m)

15 _/\/ y = x(t)
9__ 1

I ; t (seconds)
153 45 6

min (4.5, 9)

y(t) = 15 + 004t sm(gt), 0<t<60

i.

ii.

iii.

Using graphics calculator

y1= 15+6004tsm(7;t), 0<t<60

y2=6
2nd CALC 5: Intersect
guess 58 seconds

Platform is first 6m above the ground
after 58.03 seconds.

y1=15+ e0-04 sm( 1;1‘)

y2 =15

let X ;, =40and X, =59

0: zoomfit

from the graph, there are 6 points of
intersection from t = 40 to 59.

Let y1 =15+ 004 sm( T;t)

and y, =24

Set Xmin =0, Xmax =60
0: zoomfit

[ 2nd ] [TRACE] 5: Intersect

t = 55 seconds (to the nearest second)

y=15+ 004t sm( nt)

3

using the product rule

Wy _ 004t
dt =e COS 3

+0.04¢0-04¢ sm(%)

(004t Tt Tt
(3 cos( 3 )+004sm( 3 ))
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ii. Platform is closest to the ground when

dy
ar =0

. OO4t Tt
ie. (3c05(3)+004sm(3)) 0

Using the graphics calculator, enter

yp =15+ 004 sm( T;)t)

and find the minimum in the domain
[0, 60]

Graphics calculator display

Minimum
X=58.536456 Y=4.6111893

The platform is closest to the ground
when t = 58.54 seconds (2 decimal
places) and when y = 4.61 metres

(2 decimal places)

y
d. 11_dt_11

1< 004*(3 Cos( : )+ 0. 045111( 3t)J <11
T T T

A1 5 Y3

Xmin =0
;Intersection Xmax = 60
£ X=59.769103 Y=11 Zoomfit

for t € (0,60], y, is always greater than y,,
and y, is less than y; for t € (0,59.769]

so —-11< % <11 for t € (0,59.769]
(to 3 decimal places)

e. When =60, %Y —11.543443

ot

dy dh
“ar T dr

when t = 60, dan =11

dt
Att=60

dy dh
dt dt
ax11543443 =11

__u
11.543443

~.oa=0.953

dh
dr

<11 for t € (0,60] when a = 0.953
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