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MATHEMATICAL METHODS

Common Assessment Task 3: Written examination
(Analysis task)

Monday 10 November 1997: 9.00 am to 10.45 am
Reading time: 9.00 am to 9.15 am
Writing time: 9.15 am to 10.45 am

Total writing time: 1 hour 30 minutes

QUESTION AND ANSWER BOOK
Structure of book

Number of Number of questions
questions to be answered

4 4
Directions to students

Materials

Question and answer book of 14 pages.

There is a detachable sheet of miscellaneous formulas in the centrefold.

Working space is provided throughout the book.

You may bring to the CAT up to four pages (two A4 sheets) of pre-written notes.

You may use an approved scientific and/or graphics calculator, ruler, protractor, set square and aids for
curve sketching. ,

The task

Detach the formula sheet from the centre of this book during reading time.

Ensure that you write your student number in the space provided on the front of this book.
Answer all questions.

The marks allotted to each part of each question are indicated at the end of each part.

There is a total of 55 marks available for the task.

A decimal approximation will not be accepted if an exact answer is required to a question.
Calculus must be used to evaluate derivatives and definite integrals. A decimal value, no matter how
accurate, will not be rewarded unless the appropriate working is shown.

Unless otherwise indicated, the diagrams in this book are not drawn to scale.

All written responses should be in English.

At the end of the task
Hand in this question and answer book.
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Question 1
Consider the function f: {r: < a} = R, fif) = -5 log(8 — 0.17), where a has the largest value for which f'is
defined.

a. What is the value of a?

1 mark
b. Find the exact values for the coordinates of the points where the graph of f crosses each axis.
3 marks
c. Find the gradient of the tangent to the graph of f at the point where ¢ = 70.
2 marks

Question 1 — continued
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d. Find the rule of the inverse function f~1.

3 marks
e. State the domain of the inverse function 1.
1 mark
f.  Explain briefly what happens to the value of f~1(#) ast — .
1 mark
Total 11 marks

Working space

TURN OVER
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Question 2

Leigh works as a quality controller at a basketball factory. It is her job to decide whether the machines in use
need to be reset. Machines are reset when an unacceptable number of defective basketballs are being packaged.

On a particular day, two machines are being used to produce basketballs and at the end of the day Leigh is given
the following production data.

Total number of basketballs produced

Number of defective basketballs produced

machine A

640

80

machine B

360

27

a. i A basketball produced on this day by machine A is selected at random. What is the probability that
it is defective?

1 mark

ii. A sample of 120 basketballs is selected at random from those produced on this day by machine A.
What would be the expected number of defective basketballs in this sample?

1 mark

ili. A basketball is selected at random from all of the basketballs produced on this day by both machines
and found to be not defective. What is the probability, correct to three decimal places, that this
basketball was produced by machine A?

2 marks

b. Based on the figures in the above table, find the 95% confidence interval for the proportion of defective
basketballs that machine B produces. Give your answers correct to three decimal places.

3 marks
Question 2 — continued
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As each basketball is produced by machine A or B, it is rolled onto a central conveyor belt. Basketballs from

this belt are then packaged in boxes of 6.

c. i. Onthis day, Leigh selects a basketball at random from the conveyor belt. What is the probability that
this basketball is defective? Give your answer correct to three decimal places.

1 mark

ii. What is the probability that a box of 6 basketballs produced on this day contains no defective
basketballs? Give your answer correct to three decimal places.

2 marks

iii. What is the probability that a box of 6 basketballs produced on this day contains more than one
defective basketbail? Give your answer correct to three decimal places.

2 marks

iv. Leigh has decided that if 5% or more of the boxes contain more than 1 defective basketball, the
machines need to be reset before the next day’s production. Will the machines need to be reset?
Justify your answer.

1 mark
Total 13 marks

TURN OVER



MATHMET CAT 3 8

Question 3

In a country town, it is decided that a new road should be built.

The grid below shows the positions of the railway line and the Post Office.
In each direction, 1 unit represents 1 kilometre.

y
A

3 .
LNy
2 T Post Office

railway| line
A SARS> ARRS” SRLY RERRS ARERS RARS

-1

-2

It is decided that the road should follow the path whose equation is
y = (2x% - 3x) e where a > 0.

a. Find the value of a for which the road will pass through the Post Office. Give your answer correct to three

decimal places.

3 marks

Question 3 — continued
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MATH MET CAT2 & 3

Detach this formula sheet during reading time.

This formula sheet is provided for your reference.
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2

Mathematical Methods Formulas

Mensuration
area of a trapezium: %(a +b)h volume of a pyramid: %Ah
curved surface area of a cylinder:  2nrh volume of a sphere: g 3
volume of a cylinder: nr2h area of a triangle: %bc sin A
volume of a cone: % nr2h
Calculus
%(x”):nx"—l jﬂdx:ﬁ 4 e n#-1
%(M:aeﬂx Je‘“dx:%eax+c
%(logex) =)lc I%dx:]ogex+c,f0rx>0
%(sinax):acosax | sinaxdx:—%coswwc
%(cosax) =-asinax f cosaxdx:%sinax+c

Jdu_ dv
product rule: gx—(uv) =u % + v du quotient rule: %(%) = dx 2 dx
chain rule: % = % %

Statistics and Probability

Pr(A)=1-Pr(A")
ANB

Pr(AIB) = %

mean: u=EX)

Pr(A U B) = Pr(A) + Pr(B) - Pr(A N B)

variance: var(X) = 62 = E(X - u)?) = E(X?) - u2

Discrete distributions

Pr(X=1x) mean variance
general p(x) p=Zxp(x o =Z(x-pu)?p(»
=2 x2p(x) - p?

binomial nCy pX(1 — pyn—* np np(1 - p)

Continuous distributions

normal If X is distributed N(i, 62) and Z = X—;E , then Z is distributed N(O, 1).
sample mean: X = % sample variance: s2 = —] Hx-x)2 = ’—11—1-(): X2 -nx?
sample proportion mean variance standard error
p EG)=p varp) =B | py= (AU P)




Table 1 Normal distribution — cdf

MATH METH CAT 2 & 3

X 0 1 2 3 4 5 6 7 8 9 1 2 3 4567289
0.0 5000 .5040 .5080 .5120 .5160 .5199 5239 .5279 .5319 .5359 4 812 16 20 24 28 32 36
0.1 5398 .5438 .5478 .5517 .5557 .5596 .5636 .5675 .5714 .5753 4 81216 20 24 28 32 35
0.2 5793 5832 .5871 .5910 .5948 .5987 .6026 .6064 .6103 .6141 4 81215192327 31 35
0.3 6179 6217 .6255 .6293 .6331 .6368 .6406 .6443 .6480 .6517 4 81115 19 23 26 30 34
0.4 6554 6591 .6628 .6664 .6700 .6736 .6772 .6808 .6844 .6879 4 711 14 18 22 25 29 32
0.5 6915 6950 .6985 .7019 .7054 .7088 .7123 .71657 .7190 .7224 3 71014 17 21 24 27 31
0.6 7257 7291 7324 7357 7389 7422 .7454 .7486 .7517 .7549 3 6101316 1923 26 29
0.7 7580 .7611 .7642 .7673 .7703 .7734 .7764 .7793 .7823 .7852 3 6 91215182124 27
0.8 7881 7910 .7939 .7967 .7995 .8023 .8051 .8078 .8106 .8133 3 6 8111417192225
0.9 8159 .8186 .8212 .8238 .8264 .8289 .8315 .8340 .8365 .8389 3 5 8101315182023
1.0 8413 .8438 .8461 .8485 .8508 .8531 .8554 .8577 .8599 .8621 2 5 7 9121416 18 21
1.1 8643 .8665 .8686 .8708 .8729 .8749 .8770 .8790 .8810 .8830 2 4 6 81012141619
1.2 8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 .8997 .9015 2 46 7 911131516
1.3 9032 .9049 .9066 .9082 .9099 .9115 .9131 .9147 9162 .9177 2 356 810111314
1.4 9192 9207 .9222 .9236 .9251 .9265 .9279 .9292 .9306 .9319 1 3 4 6 7 8101113
15 9332 .9345 .9357 .9370 .9382 .9394 .9406 .9418 .9429 .9441 124567 8101
1.6 9452 9463 .9474 9484 9495 9505 .9515 .9525 .9535 .9545 1234567829
17 9554 9564 9573 .9582 9591 .9599 .9608 .9616 .9625 .9633 1 233458678
1.8 9641 .9649 .9656 .9664 .9671 .9678 .9686 .9693 .9699 .9706 112344566
1.9 9713 9719 9726 .9732 9738 .9744 9750 .9756 .9761 .9767 11223 44656°5
2.0 9772 9778 .9783 .9788 9793 .9798 .9803 .9808 .9812 .9817 011223344
241 9821 9826 .9830 .9834 .9838 .9842 .9846 .9850 .9854 .9857 011222334
2.2 9861 .9864 .9868 .9871 .9875 .9878 .9881 .9884 .9887 .9890 011122233
2.3 9893 .9896 .9898 .9901 .9904 .9906 .9909 .9911 .9913 .9916 011112222
24 9918 9920 .9922 .9925 .9927 .9929 .9931 .9932 .9934 .9936 oo1t1111122
25 9938 9940 .9941 9943 .9945 .9946 .9948 9949 9951 .9952 ooo011 1111
2.6 9953 .9955 .9956 .9957 .9959 .9960 .9961 .9962 .9963 .9964 o000 111 11
27 9965 .9966 .9967 .9968 .9969 .9970 .9971 .9972 .9973 .9974 00O0O0OCI1T 111
2.8 9974 9975 9976 .9977 9977 .9978 .9979 .9979 .9980 .9981 000O0O0OO0OT1TI1
2.9 9981 .9982 .9982 .9983 .9984 .9984 9985 .9985 .9986 .9986 000O0O0CO0O0COO
3.0 9987 .9987 .9987 .9988 .9988 9989 .9989 .9989 .9990 .9990 000O0OO0COODO
3.1 9990 .9991 .9991 .9991 .9992 .9992 .9992 .9992 .9993 .9993 0000O0O0O0O0ODO
3.2 9993 .9993 .9994 .9994 .9994 9994 9994 .9995 .9995 .9995 00O0O0OOOGOCO
3.3 .9995 9995 .9995 .9996 .9996 .9996 .9996 .9996 .9996 .9997 000O0OO0OOO
3.4 9997 .9997 .9997 .9997 .9997 .9997 9997 .9997 .9997 .9998 000O0OO0OOOO
3.5 9998 .9998 .9998 .9998 .9998 .9998 .9998 .9998 .9998 .9998 0000O0CO0COOOQO
3.6 9998 .9998 .9999 .9999 .9999 .9999 .9999 .9999 .9999 .9999 0000O0O0COCODO
37 9999 .9999 .9999 .9999 .9999 .9999 .9999 .9999 .9999 .9999 0 00O0O0OO0GOO
3.8 9999 9999 .9999 .9999 .9999 .9999 .9999 .9999 .9999 .9999 00000O0O00O0O0
3.9 [1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 000O0O0O0OOOCO

END OF FORMULA SHEET
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In fact, they decide to build the road for which @ = 1 as shown in the diagram below.

y
A

proposed lake

b. Find the x-coordinate of the point A where the road crosses the railway line.

2 marks

¢.  Use calculus to find the coordinates of the turning point B. Give your answers correct to three decimal
places.

4 marks
Question 3 — continued
TURN OVER



MATHMET CAT 3 10

The town council wishes to develop the shaded area bounded by the road and the railway line as a lake for
native water birds.

d. Find the values of m and n for which
%{(sz +mx+ n)ex} = (2x2 - 3x)ex

and hence find the exact area of the lake.

6 marks

Total 15 marks
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Working space

TURN OVER
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Question 4
When on holidays, Tasmania Jones heads for Paradise Beach where the waves roll on to the beach at regular
intervals.

The diagrams below show the beach with 2 marker posts, A and B, where A is 5 metres further up the beach
than B. The line AB is perpendicular to the water’s edge.

beach e Ao

view from above side view

Tasmania Jones records the distance of the water’s edge from the base of marker A. He discovers that, on one
particular day, the distance (D metres) of the water’s edge from the base of marker A is a function of ¢ (the time
in minutes from when he starts to observe the waves). It can be modelled exactly by the equation

D =asin(bt) + ¢
where a, b and c are positive constants. The graph of D as a function of ¢ is shown below.

D
A
14

. 7[\\\ //\\

MR O o
Y
L~
N
L~
N

0.25 0.5 0.75 1.0

a. State the maximum and minimum distances of the water’s edge from marker A on this day.

2 marks

b. Find the number of waves that hit the beach in one hour on this day.

2 marks

Question 4 — continued
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c. Find the values of a, b and c.

3 marks

d. Write down an appropriate equation, solve it and hence find the exact percentage of time that marker B is
in the water on this day.

4 marks

Tasmania Jones also observes that on some days the waves come further up the beach and are closer together.
He finds that, on such a day, the distance of the water’s edge from marker A can be modelled by the equation

D=(5+R)sin(8m)+8, 20,

where R is the roughness factor which varies with the roughness of the sea. R is found to be normally distributed
with a mean of 2 and a standard deviation of 0.6

e.  On a particular day, when the above equation applies, the waves just reach marker A.
Find the value of R on this day.

2 marks

Question 4 — continued
TURN OVER
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f. Tasmania Jones likes to lie on the beach as close to the water as possible. On a particular day, when he
does not know the value of R, how many metres up the beach from marker B should he lie so that he has a
90% chance of not getting wet from the waves? Give your answer correct to one decimal place.

3 marks
Total 16 marks

END OF QUESTION AND ANSWER BOOK
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END OF SUGGESTED SOLUTIONS
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