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Suggested Solutions: 1995 VCE Mathematical Methods CAT 3

Question 1
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A newly designed bridge isto be built across the 60 metre Y arra River. The architect draws on a set
of axes a cross-section of the bridge, which is symmetrical about the line CH , as shown in the
diagram above. The water surface isalong OG. The architect introduces an x, y coordinate system
for calculation purposes as shown where, for example, point F has coordinates (60,15).

a. State the coordinates of the points B, C, and D.

B has coordinates (0,30) , C has coordinates (30,45) , and D has coordinates (60,30) .

b. If curve BCD isaparabolawith equation y = a(x - 30)2 +k, find the values of aand k.

The maximum turning point of the parabola BCD isat (30,45), therefore k =45 and
y =a(x- 30)% +45

Substitute (0,30) iny = a(x- 30)2 + 45
\ 30 =a(-30)% +45

_ 15 .1
\a=-35=" %

For the parabola BCD, a= - 45 andk = 45

C. State the coordinates of the points A and E.
A has coordinates (0,15), and E has coordinates (30,30) .
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Question 1
d. If curve AE has equation y = mloge(x +10) + n find the values of m and n, correct to two
decimal places.
Substitute (0,15) \ 15=mlog,10+n
\ n=15- mlog.10 [4
Substitute (30,30) \ 30 =mlog, 40 +n [2]

Substitute [1] in[2] \ 30 = mlog, 40 +15- mlog.10
\ 15=mlog(33)

— 15 —
\ m= g4~ 10.82

Substitute m =10.82 in [1] \ n=15-10.82log,10=-9.91

The architect plansto have the span of the bridge painted (as shaded in diagram on page 1). To find
the area to be painted the architect approximates the bridge section by a hexagon, ABCDFE

Area (DABF) = Area (DDEF)
_ 17 2n-
=57 30" 15
=225m?

Area(DBCD)=4" 60" 15
= 450 m?

Total area = 450+ 225 + 255
= 900 m?

_r"'“x_

f. If the area of the region between the arch AEF and the water level OGis 1451 n¢, find the
exact area of the bridge section ABCDFE

_ 60 4 9
Arearequired = ) ( L (x - 30) +45) dx - 1451

1 3 60
[- (- 30) +45x]o - 1451

- 135 (60 - 30)° +45(60) + £ (-30)® - 1451
-150 + 2700 - 150- 1451
949 m?
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Question 2

Two pistons A and B move backwards and forwards in a cylinder as shown.

The distance x centimetres of the right hand end of piston A from the point O a timet secondsis
modelled by the formula x = 3sin(2t) + 3 and the distance y centimetres of the left hand end of piston

B from the point O at time t seconds is modelled by the formula y =3sin(3t - &) +8.
The pistonsare setin motion at time t = 0.

a. i.

State the amplitude of the motion of piston A.
Amplitude=3

Show that the maximum and minimum values of x are 6 and O respectively.
The amplitude of motion is 3 and the basic shape is trandated 3 units vertically up,
\  minimumvalue = - 3+3 =0 and maximumvalue =3+ 3 =6

Show that when t = &, the right hand end of piston A is at its maximum distance
from O.
For maximum or minimum distance let % =0

\ 6cos(2t) =0

\' cos(2t)=0

\ 2t=5,3

\ t=2.2 \ xismaximumwhent =&

Find the next four t values t > & for which x = 6.
nextfourvalues:%+p, %+2p, %+ao, %+4p

=30 D 1 1p
T4 T4 a4
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Question 2
b. i The maximum value of y is 10. State the minimum value of y.
Amplitude is 2 and the basic shape is trandated 8 units vertically up,

\ mnimumvaue=-2+8=6

ii.  Show that y attainsits minimum valuewhen t = 43 .
If y =6, then 6 = 2sin(3t - ) +8

\ sin(3t-8)=-1

— 3
\ 3t-£==2
\ 3t:-751

— 7
\ t=+5

. Find al other values of t, , for which y attainsits minimum value.
For the other values of t when y is minimum,

3t-2-Ip 1b 15 19 23
4~ 2+ 2 2 2 2

\ t=% 2p 3p 1 4p
4" 12° 12 4 ° 12

C. On the one set of axes below, draw graphs of x(t) and y(t) .

equation | period | amplitude | max. value | min.value |  vert. intercept

x=3sin2t+3 | & =p 3 6 0 3sin0+3=3
y=2sin3(t- &)+8| & 2 10 6 2sin(- &) +8» 6.6
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Question 2

d.

i State the time when the pistons first touch each other.
The pistonsfirst touch each other when t = %9 seconds.

ii. How many seconds are there between the first and second times the pistons touch?
The pistons touch each other asecond timewhen t = —9 seconds.

Time between first and second time the pistons touch = —49 20 = 8 = 2p seconds.

Let T,, seconds be the time at which the pistons meet for the nth time.
Then T,, =ap + bnp , where aand b are constants. Find the values of aand b.

Whenn=1, § =2 \ 2 =ap +bp
Whenn=2, T, =12 \ 18 =gp +2pp

\ 13_ 4a +8b [2]

12] - [1] \ 8=4b, \ b=2
subb=2in[1] |\ 5=4a+8, \ a=-

Nlow

At what timeisthe right hand end of piston A first 4 centimetres from 07?
Give your answer to the nearest one-hundredth of a second.
Letx =4, \ 4=3sin2t +3

\ sin2t ==
\ 2t=0.3398

\ t =0.17 seconds
The right hand end of piston A isfirst 4 centimetres from O after 0.17 seconds.
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Question 2

g. i Find the average rate of change of the position with respect to time (average speed) of

piston B in thefirst 0.2 seconds.
Whent=0, y=2sin(-%)+8=6.5858

Whent = 0.2, y =2sin(3(0.2) - 8)+8=7.6313

Average rate of change = L6313 6.5858 — 5 23 cm/sec

02-0

i. Use calculusto find the speed of piston B at time t = 0.2.

Speed = ¥ = 6cos(3t - &)
Whent =02, ¥ =6c05(0.6 - ) =5.90 cm/sec

Question 3

During amild five minute exercise sequence a student's heartrate H(t) , in beats per minute, at time
t minutes, is monitored and graphed as shown below. The student's heart pumps a volume of

70 millilitres of blood with each heart beat.

H(1) A
{beats per minuta)

L

B

F'y

1 {minutes) -
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Question 3
a. From the graph estimate
i the student's heartratewhen t = 0 and whent =1 andwhent = 2.
Whent = 0, H(0) = 80 beats per minute

Whent =1, H(1) =90 beats per minute
Whent =2, H(2) =100 beats per minute

ii. the student's rate of change of heartrate (in beats per minute) when t = 0 and when
t=landwhent=2.
Rate of change of heartrate can be estimated by the gradient of the tangent to the
curve. The required tangents have been sketched on the previous graph.
When t = 0, rate of change of heartrate = 0 beats per minute per minute.
Assuming that the tangent passes throught the points (0,60) and (1,90), then when

t = 1, rate of change of heartrate = 2982 =30 beats per minute per minute.
When t = 2, rate of change of heartrate = 0 beats per minute per minute.

b. On the set of axes below, sketch the graph of the rate of change of heartrate, H¢t), over the
five-minute exercise program, taking care to b]put a scale on the vertical axis.

H,&') 39
s fumfucs)

VA
A

o 1 2 3 4
£ (minvtes)

ot

4

C. On the original graph, on page 6, draw the straight line segment from A to B.
Calculate the area of the trapezium OABC, and hence estimate the volume of blood pumped
by the student's heart in f[he first two minutes of the exercise program.

6 Area (OABC) = 2 (80+100)
A ; = 180 beats
g0 100

Volume of blood pumped over the first 2 minutes
=180" 70 =12600 ml
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Question 3

Thefunction f : R® R wheref(t) =at>+ bt® +ct +d hasaloca minimum at (0,80) and alocal
maximum at (2,100) . For parts d., e. andf. below, assume that the student's heartrate for the
first two minutes ismodelled by the function f.

d. i. Showthatc =0 and d =80.
f(0)=80, \ 80=0+0+0+d
\ d=80

\ f(t) =at>+bt>+ct+80 and fqt) =3at’+2bt+c
f¢0) =0, \ 0=0+0+c
\ ¢c=0

i, Find the values of aand b.
f(t) = at® +bt? +80
sub (2,100) \ 100 = a(2)® +b(2)? +80
\ 20=8a+4b
\ 5=2a+b [1]

f §t) = 3at? +2bt
f¢2) =0, \ 0=3a(2)?%+20(2)
\  0=12a+4b
\ 0=3atb [2]

[2]-[1] \ -5=a
suba=-5in[1] \ 5=-10+Db

\ b=15
a=-5and b=15

e. i Write down arule for the rate of change of heartrate, f ((t) , beats per minute per
minute, for 0 £t £2.
f(t)=-5t3+152+80 OE£t£?2

\ f@(t) =- 15t° +30t OF£tE£2

ii. Find when the heartrate is increasing most quickly.
Heartrate isincreasing most quickly when f &t) is maximum.
If f@ft)=0then - 30t+30=0 t J]O5[1]|15

\ t=1 f att) o‘ -
\

+

/
Heartrate isincreasing most quickly after 1 minute.
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Question 3

f. Write down and find a definite integral which gives the total number of heartbeats during the

first two minutes, and hence cal culate the volume of blood pumped during thistime.
2
Total number of heartbeats during the first two minutes = Q) (- 5t3 +15t2 +80) dt

= [ 5t4 4+ 563+ 80t]°
4 0

=-3@" +5(°+80(2)

=180
Volume of blood pumped during thistime =180~ 70 =12600 ml

Question 4

Victoria Jonesis a contestant in the long-jump event at the world championships. In aparticular
jump, Victoriajumps X metres. X isanormally distributed random variable with mean 7.2 metres
and standard deviation 0.2.
a. For any jump, find the probability that Victoriajumps

i more than 7.5 metres.

Pr(X >7.5) = Pr(Z >£3-L2) = Pr(Z > 1.5) =1- Pr(Z <1.5)
= 1- 0.9332 = 0.0668

i. less than 7.0 metres.
Pr(X<7.0) = Pr(z<£812) = Pr(Z < -1) =Pr(Z>1) = 1- Pr(Z <1)

=1- 0.8413 = 0.1587

ii. between 7.0 and 7.5 metres.
Pr(7.0< X< 75)=Pr(X<75)- Pr(X<7.0)=Pr(z<15)- Pr(Z<-1)

= 0.9332- 0.1587
=0.7745
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Question 4

During the championships each competitor in the long jump event has five jumps.
b. In her first five jumps, find the probability, stated to three significant figures, that
i Victoridsfirst three jumps are all less than 7.5 metres and both her last two jumps are

more than 7.5 metres.

Pr(first three jumps are less than 7.5m and the last two jumps are more than 7.5m)

= (0.9332)3(0.0668)?
= 0.00363

. at least three of Victoria's jJumps are more than 7.5 metres.
L et J denote the number of jumps more than 7.5 metres;, J @Bi(5.0.0668)
Pr(at least three jJumps more than 7.5 metres)
=Pr(J=3)+Pr(J=4)+Pr(J =5)

=°C;(0.0668)%(0.9332)% +> C,(0.0668)* (0.9332) +> C5(0.0668)°(0.9332)°

= 0.00269

iii.  Victoriasfina jump is more than 7.5 metes, given that at least three of her five jumps

are more than 7.5 metres.

Pr(last jump is more than 7.5 metres\ at least three jumps are more than 7.5 metres)
_ Pr(at least three jJumps included the last jJump are more than 7.5 metres)

Pr(at least three jumps are more than 7.5 metres)

_ “C,(0.0668)*(0.9332)°

"~ 0.0668

0.00269
=0.579

C. Between what two distances, symmetrically placed about the mean, would 95% of Victoria's

jumps be expected to lie?

D45
S A
m e v

Pr(m <X <n)=0.95

Pr(7.2 < X <n) = 0475

Pr(X <n) = 0.475+0.5 = 0.975
12=196 and TlZ=-1096

0.2
\ n=759 and m= 6.81

95% of Victorias jumps should lie between 6.81 metres and 7.59 metres.

d. If 75 per cent of Victorias jumps are greater than a metres, what is the value of a?

a 12

[

-3

Pr(X >a)=0.75
Pr(Z>-2)=0.75
Pr(Z<z) =0.75
z= 0.674
252 =-0.674
a= 7.07 metres (to 2 decimal places)
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Question 4
e. During training for the championships, Victoria had sixty practice jumps. How many of these

jumps would be expected to be more than 7.5 metres?
J @Bi(60,0.0668)

E(J) = 60" 0.0668 = 4.008
Victoria can expect four of these practice jumps to be more than 7.5 metres.

After her five world championship jumps, Victoria's best jump was 7.8 metres. She was leading the
event with ValdaBossfina jump still to come. In a particular jump, ValdajumpsY metres;, where Y

isanormally distributed random variable with variance 0.16.
f. If the probability that Vadasfina jump is more than 7.8 metresis 0.21, find the mean of the

distancesthat VadaBos jumps, correct to two decimal places.

Pr(Y >7.8)=0.21
7.8-Yy —

\ Pr(z > ﬁ) =0.21

\ Pr(z < %) =0.79

L -1 I

LY 59 - 0,803
\ 7.8- y=0.3212
\ y = 7.48 metres

The mean distance Valdajumpsis 7.48 metres.
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